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, Abstract. In this paper we are presenting the theory of balance equations 

7^ 1 of the Continuum Thermodynamics (balance systems) in a geometrical form 

' using Poincare-Cartan formalism of the Multisymplectic Field Theory. A con- 

^ ^ ' stitutive relation C of a balance system Be is realized as a mapping between 

5-H , a (partial) 1-jet bundle of the configurational bundle n : Y —f X and the ex- 

tended dual bundle similar to the Legendre mapping of the Lagrangian Field 
' Theory. Invariant (variational) form of the balance system Be is presented 

in three different forms and the space of admissible variations is defined and 
studied. Action of automorphisms of the bundle vr on the constitutive map- 
pings C is studied and it is shown that the symmetry group Sym(C) of the 
constitutive relation C acts on the space of solutions of balance system Be- 
^ ' Suitable version of Noether Theorem for an action of a symmetry group is pre- 

sented with the usage of conventional multimomentum mapping. Finally, the 
geometrical (bundle) picture of the RET in terms of Lagrange-Liu fields is de- 
' veloped and the entropy principle is shown to be equivalent to the holonomicy 

of the current component of the constitutive section. 
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1. Introduction. 

This paper is the first part of a work where we are presenting the theory of 
balance equations of Thermodynamics of Continuum in the framework of the vari- 
ational, Multisymplectic Field Theory ( [U Ull [3 [HI [24l [29] ) . In doing so we pursue, 
in this, first, part of the work the following main goals. The first is to formulate 
the theory of balance equations (balance systems) possibly closer to the classical 
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Lagrangian Field Theory in order to be able to use an extensive variety of tools 
developed in this theory for the study of balance systems. The second goal is to 
have a united mathematical scheme of several variants of Irreversible Thermody- 
namics that differs by the type of the domain of the constitutive relations of this 
theory. On one side is the scheme where the state space of basic fields for which the 
balance equations are present is chosen to be as small as possible and a constitutive 
relations of the theory is allowed to depend on all first derivatives of these fields 
(in this part of the work we consider only first order theories). See for instance [35] 
for the presentation of entropy principle in such a case. On the other end there is 
the Rational Extended Thermodynamics where all the necessary derivatives of the 
basic fields are included into the state space and the constitutive relations depend 
on the fields but not on their derivatives ([32l|3T]). In between these two extreme 
positions there is a variety of situations where some derivatives of basic fields are 
included into the state space and some are not [T7]. Quite often the choice of the 
derivatives (gradients of basic fields or their time derivatives) is related to the sym- 
metry group of the described physical situation or to the covariance group required 
for the system of balance equations. 

The second part of this work (in preparation, see also [44]) will be devoted to 
the study of the " entropy principle" - requirement that any solution of the balance 
system that includes all but the entropy balances satisfies to the entropy balance 
(such a requirement place a serious constraints to the constitutive relations of the 
balance system). 

In the third part of the work we study the covariance principle for the balance 
systems - condition that the balance system would be covariant with respect to a 
(finite or infinite dimensional) Lie group. Such study was pioneered in the Green- 
Naghdy-Rivlin Theorem and later on studied by J.Marsden and T. Hughes, see 
[281 [513 and M.Silhavy ([51]). 

This work was originated at the Conference Thermoconn 2005 in Messina after 
the lecture of Professor T. Ruggeri on the Rational Extended Thermodynamics 
and the discussion that I had there with Professor W. Muschik about the Entropy 
Principle. 

Rational Extended Thermodynamics, (RET) which occupies an important place 
in this part of our work, was initiated in the works of I.Liu and I.MuUer and 
developed by the T. Ruggeri and I.MuUer (see [32l |45l [46l [47] ) . The formahsm of 
RET "is elegant and appealing" ([17]) and it was very tempting to present it in a 
geometrical form following the framework of a Classical Field Theory ([T1 ITT1H51ITB] ) 
and to implement the principal structures of RET in a natural geometrical way. 
Thus, we present in Appendix II a sketch of the formalism of RET. 

In Section 3 we recall the basic structures of Multisymplectic Field Theory fol- 
lowing ([24l[8]). The only new material here is the subsection 4.5 on the vertical 
contact structure in the space Wq of the united multisymplectic scheme and the 
characterization of Legendre mappings generated by the Lagrangians in terms of 
this structure. 

In Section 4 we define the partial I-jet bundles Jp(7r) for a configurational bundle 
^ . y(ri-i-i)+m _j, gf m basic fields & U over the physical or material 

space-time We discuss two examples of such jet bundles. One, J^{Tr), 

defined by a distribution K C T{X) (or, with more details, by an almost product 
structure T{X) — K ® K') on the space X, another, Jg(7r), for a case where 
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K ® K' —< dt > S)T{B), B being the material or physical space and the space U 
of the basic fields splits as the product corresponding to the type of (first order) 
derivatives that enters the constitutive relations. A study of more general types 
of partial jet-bundles including the jet bundles of higher order will be pursued in 
the second part of this work. In Section 6 we define and study the partial Cartan 
structure on the 1-jet bundles Jp(7r) of these two types. 

In Sections 7 and 8 we study the prolongation of vector fields and connections 
to the partial 1-jet bundles following the similar prolongation procedures for the 
conventional 1-jet bundles ( [H [H] ) • 

In Section 9 we define a general constitutive relation C as a smooth mapping be- 
tween the partial 1-jet bundle J^tt) and the (total) dual space Z = a^"+^^+*"+^¥/A^"+^^+^"+^V 

C(x^y^z;) = (a;^y^i^''(x^y^z;);^,(a;^y^4)), 

containing the current part F^dy^ Arj^ and the source part Hidy^ A 77. We introduce 
the covering constitutive relation C defined by C, extending the Legendre transfor- 
mations defined by a Lagrangian form Lrj. We define the Poincare-Cartan form 
Qc = Fidy^ A rj^ -f Ilidy^ A ?y of a constitutive relation C, the Poincare-Cartan 
form of a covering relation C and give several examples of types of constitutive 
relations: Lagrange Type Cl, mixed type with a Lagrangian current part and the 
source term given by a dissipative potential {L -\- D type), and vector-potential 
type. 

In Section 10 we discuss three variational ways to get to the balance system 
Be corresponding to a constitutive relation C (i.e. using variations ^ G X{Jp{Tr) 
and the differential of the Poincare-Cartan form Qc)- In doing this a traditional 
way, i.e. requiring that j^{s)*di^iQc = or j^{s)*i^id@^ = we have, in general, 
to put the condition(s) F^^D^S^^ = on the variations ^ of the Poincare-Cartan 
form. Locally there are always enough of such C-admissible variations ^ to sepa- 
rate balance equations (Proposition 15) but globally this may not be true. In a 
case of semi-Lagrangian constitutive relations (see Sec. 9) close to the conventional 
Lagrangian field theory or in the case of RET constitutive relations no limitations 
on the admissible variations ^ are present. 

That is why we present the third way, using the restricted horizontal differential 
d (see Appendix III) instead of the conventional de-Rham differential d for the 
invariant formulation of a balance system. In this case one does not need to restrict 
variations ^. In a case of Lagrangian constitutive relation Cl the balance system 
coincide with the Euler-Lagrange system of equations defined by the Lagrangian L 
in the traditional way. 

In Section 11 we discuss the properties of C-admissible vector fields, prove that 
C-admissible vector fields form a Lie algebra with respect to the brackets of vector 
fields in the L + D-case and study the form of C-admissible vector fields in the 
case of a model (2-|-2)-balance system (two fields and one space dimension) and 
for the five fields model of fluid thermodynamical system with generic constitutive 
relations (see Sec. 2). 

In Section 12 we discuss the action of extended geometrical (lifted from Y) 
transformations on the constitutive relations C and on the corresponding Poincare- 
Cartan form 0(7, define the symmetry group Sym{C) of a constitutive relation C 
and prove that this symmetry group acts on the space of solutions Sol{Bc) of the 
balance system Be- Using a connection v in the configurational bundle n : Y ^ X 
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we define the i^-homogeneous constitutive relations corresponding to a case where 
C depends on the fields and their derivatives but not on the points of space-time X 
explicitly. 

In Section 13 we prove the Noether Theorem for a balance system Be under an 
action of a symmetry Lie group G C Aut{n) using the multimomentum mapping of 
a multisymplectic field theory [25l [29] . The Noether Theorem leads to the family of 
the balance equations which reduces to the conservation laws for special (or absent) 
source terms. For a semi-Lagrangian constitutive relations or for the case where 
constitutive relations do not depend on the derivatives of the basic fields (RET 
case) this theorem is essentially equivalent to the conventional Noether Theorems 
of Lagrangian field Theory, for the general constitutive relations our version of 
Noether Theorem has more limited character. 

In Section 14 we discuss the type of the balance system Be as a system of PDE 
and show it is a combination of interacting hyperbolic, parabolic and stationary 
parts. 

In Section 15 we present the dual bundle picture of the RET balance systems 
in terms of LL-multipliers. We prove that the fulfillment of the entropy principle 
here reduces to the liolonomity of the total constitutive section of the 1-jet bundle 
J^(A, il'^{X)) of A'-fields with values in the space of semi-basic 3-forms. 

In Appendices I- IV we collect the information on the properties of partial volume 
forms 771/ , used in the text, present the basic formalism of the Rational Extended 
Thermodynamics, recall the definition of the Igiesias differential 16J and definitions 
and principal properties of the horizontal differential dn and its restricted version 
d. 

Results of this work were presented at the Seventh International Seminar on 
Geometry, Continua and Microstructure that took place at the University of Lan- 
caster, UK in September 2006. Short exposition of the the work will be published 
in the Proceedings of this conference. 

Notations. 

For a manifold M we will denote by 

• X{M) - the Lie algebra of vector fields on M, 

• A'^Af - the space of exterior fc-forms on A/, 

• AAf = Q)'^qA''M - the exterior algebra of the manifold M, 

• (tt) - the 1-jet bundle of a bundle n : Y ^ X. 
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Chapter I. Preliminaries. 

2. Settings. 

In this section we present the bundle settings of the classical field theory in the 
form suited for later presentation. For deeper exposition we refer to the monographs 

mm- 

2.1. Space-time base manifold. A state of material body will be described by 
the collection of the fields {y*, i — 1, . . . , m} defined in a domain X = B x I C R"^^ 
of the physical or material space-time . Here J C i?t is an interval of time 
and B C i?" is a domain in the n-dim physical or material (reference) space with or 
without boundary. In the first case denote by dB the boundary of domain B. That 
makes X the manifold with the boundary dX = dB x lUB x dl. We assume that the 
pseudo-Riemannian metric G is defined in X that can be extended to the boundary 
of X if such does exist. An example of such a metric is the Euclidian metric 
G = dt^ + h, h being the canonical Euclidian metric in the physical space i?""'"^, 
but having in mind application of our scheme to material manifold or relativistic 
systems we prefer to keep G more general. 

In this part of the work we will consider B to be an open subset of i?". 

We will use local coordinates x'^, ^ = 1,2,. ..,n and the time variable t = 
in X. We will be using Greek indices for the space-time variables and large Latin 
indices for space variables only. 

Denote by rj the volume n-form rj = ^J\G\dx'^ A dx^ ... A dx" corresponding to 
the metric G. We will be using the n-forms 

Vf^ =id^^.ih Ai==0, l,2,...,n, 

for instance 770 = ^J\G\dx'^ A dx^ ... A dx". Necessary properties of these forms 
are presented in Appendix I. 

For separating of space and time we employ the fiat connection k in the bundle 
X Rt : {t = x^,x^) t. This defines the product structure (see [23]) in 
the space X: T{X) = T{Rt) T{B) and the corresponding decomposition in the 
exterior algebra A* (A"). In particular, we have, in the fiber over each point x G X 
the following decomposition 

A^+i(A) =M7yo.®diAA:;?-i(B"). (2.1) 

2.2. Configurational (state) bundle. Basic fields of a continuum thermodynam- 
ical theory (except of the entropy that will be included later) take values in the 
space U C M™ which we will call, a basic state space of the system (see [33^ for a 
discussion about possible choices of the basic state space and the consequences for 
the structure of corresponding thermodynamical theory). 

Following the framework of a classical field theory (see [11 [11]) we organize these 
fields in the bundle 

TTu -.Y ^ X, X = 1 X B, 
with the base X. In simple cases F = A x [/ is the cylinder M. x B with the base 
X and the fiber U. 

Denote by Z the 1-jet bundle of the bundle tt: Z — J^{tt). Thus, we get the 
double bundle Z — Y ^ X with the composition mapping tt^ = tt o ttiq defining 

the bundle Z ^X. 
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To formulate balance equations in terms of exterior forms we denote by A'^(X) 
the bundle of fc-forms on X and by 

A"+("+i)(X) = A"(X) e A"+\X) 

the bundle of exterior forms in X of degree n + {n + 1). Space of sections of this 
bundle has as its basis the forms ry^t, /i = 0, 1, 2, . . . , n; r/. 

Taking the puUback of the bundle A"+("+i)(X) X toY (or, what is the same, 
construct the fiber product of vr and ttax we get the following commutative diagram 

U X A"+("+^) > Y X A"+("+-^^ > A"+("+^'(A') 

X 

U > Y — ^ X 

Left column of this diagram represents a typical fiber of bundle TTAy over a point 
X & X. Sections of the bundle tt o ttay : Y x A"+("+^) X are called "semibasic" 

X 

(n+(n+l)) exterior forms on the total space Y of the bundle tt, see [S^, Sec. 4. 2. 

In the same way, taking, for arbitrary k the puUback of fc-forms on X with respect 
to the projection tt^ we get the bundle of 7r^-semi basic fc-forms on Z = ^^(tt). 

2.3. Balance Equations. Here we define the balance equations of a conventional 
first order field theory. Fields are to be determined as solutions of the field 
equations having the form of balance equations for the currents J'/', (where 
often F° = y') 

=^"t+^l-=n., » = l,...,m. (2.3) 
Here the functions Ili{x'^ ,y^^i_,) are called the production and source of the 
components and ^^^iF^ix'^,y\y\^)g§x - the flow of the component y*. 
These quantities, in general, are assumed to be function of the fields y', of the 
point x^ £ X and of (all or some of) the derivatives y*^,.. To shorten notations we 
will be using z as the short notation of all arguments {x^^ , y'^ , y'^^^) . 

In the Rational Extended Thermodynamics where all the derivatives entering 
constitutive relations are included in between the fields densities, currents and 
sources of balance laws depend on x'^ , only (see discussion of different types of 
balance systems below in Sec. 14. 

As it is customary in the classical field theory, the balance laws could be rewritten 
by introducing the exterior forms: 

(n-l-l)-form of the flows 

F.t{z)r^^, i^l,...,77i, (2.4) 

and the 

(n+2)-form of the production and source 

H, =n,(z)?7. (2.5) 
Then the balance laws (2.4) takes the form 

dTi = Hi, z = 1, . . . , m, (2.6) 

or 



(2.2) 
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if we employ the Iglesias differential d introduced in [16] (see Appendix III). 
These relations should be fulfilled for the fields j/' = s^{x). 

Example 1. Five fields thermodynamical system - fluid (5F-fluid). 

As an example we consider a "five fields" thermodynamical system describing a 
fluid ([Ml [31]. Such a system has 5 basic fields: mass density p, velocity vector field 
v"^ and the absolute temperature z9. Correspondingly there are five balance laws in 
this system - mass balance (conservation) law for the density p, linear momentum 
balance law for pj = phijV^ {h being the standard Euclidian metric in R^) and the 
total energy balance law for the total energy e = e + (sum of internal (e) and 
kinetic energy per unit of mass). To each of these balance laws there corresponds 
the flux form F and the source (+production) form 11: 

J^p = PVa + pv'^VA; Hp = 

Tp^B = pv^T]o + {pv^v^ - t^^)f]A; IIiiB = pIbv, 

= p{e + \\v\'')m + W + \W)v^ - tiv^ + qA]r^A- = pf^v^ + r. 

(2.7) 

Production term is zero for mass balance law, equal to the density of body forces 
pJb for the linear momentum balance law and equals to the power of the body 
forces /a plus the heat source density for the energy balance law. 

One can introduce the internal energy e as the basic variable instead of the 
temperature d. In this case 

F, = + {pev^ + q^)TlA, n, = (t^ — + r)77, 

see [32], Sec.5.3. 

Denote by a.i = Fi+Hi the (n + 1) + (n + 2)-form of the corresponding balance 
law. 

Constitutive relations of this system determine, in addition to the components 
explicitly defined above, the stress tensor t"^^, heat flux g"^, internal energy e, force 
covector and the volume heat source density r as functions of basic fields p, v^, d 
and some of their derivatives. In addition to this, force Ja and volume heat source 
density may explicitly depend on the position and time . 

A fundamental physical requirements known as "material axioms" put restric- 
tions on the character of dependence of density, flux and source components of the 
balance laws on the basic fields and their derivatives ( [52[[34ll40] . One of these ma- 
terial axioms - material indifference or, more generally, a transformation properties 
of a balance system under the change of observer, leads to the independence of the 
heat flux q'^ and the stress tensor t^^ on the velocity and on the antisymmetric 
part of the velocity gradient. 

Other material axioms - material symmetries, II law of thermodynamics (see 
[34],Ch.6) further restricts the form of constitutive relations. Geometrical form of 
these restriction will be studied in the continuation of this work. 

In the simplest variant the constitutive relations of a 5F-fluid system depend on 
the spacial gradient of temperature Vi? and symmetrized gradient of velocity Vv^ym 
only. Next level of complexity is represented by the fluid with the short memory 
where constitutive relations may depend on the rate of change of temperature d 
(see [52l[31]). 

As a result, the domain of constitutive relations (the state space) of 5F-fluid 
system consists of the fields (p, v"^, i}; Vi?, Vv^ym)- 
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An example of specific constitutive relations of a 5F-fluid system is the Navier- 
Stokes-Fourier fluid where 

< = -k(/9, z?)V'^i9; (2.8) 

Here p is the pressure scalar field and /i, k are scalar coefficients of viscosity (the 
first two) and the heat conductivity respectively. 

Notice also that there is another, more fundamental 5-fields thermodynami- 
cal system - — solid, where the basic fields are: mass density p, embedding 
ip : ^ oi the material manifold B to the physical Euclidian space {E^,h) 
and the absolute temperature i9. Constitutive relations of 5F~ solid system typically 
(for instance, in thcrmoelasticity) depends on the spacial derivatives of embedding 
mapping (deformation gradient, or, with the use of material indifference axiom 
Cauchy deformation tensor C(0) = (j)*h), its time derivative (velocity), temperature 
d and its spacial gradient Vi?. Adding of the time derivative of Cauchy deforma- 
tion tensor, or, equivalently, the symmetrized velocity gradient Vvs^m (containing 
second derivatives of basic fields!) allows to take into account effects of viscoelastc 
behavior. The model bF — fluid represents a reduction of the — solid system 
related to the usage of the largest possible material symmetry group SL{3, R) for 
the fluids (see [53,). 

Remark 1. In the geometrical theory of differential equations (see, for instance, 
[21j ) it is customary to extend given system of differential equations to include all 
the differential equations that are consequences of ones in a given system. It would 
be equally interesting to complete the system (2.3) of the balance laws of a given 
thermodynamical system by all the balance laws that are their consequences. In 
the second part of this work we study such "secondary balance laws" of a given 
balance system (of zero or first order by the degree of derivatives of basic fields 
included into the constitutive relations) that have the same domain as the initial 
balance laws. Higher order balance laws that are consequences of a given balance 
system will be studied elsewhere. 

2.4. Entropy condition. Entropy density entropy fiux h^, A — l,2,...,n 
and the entropy production S are typically assumed to be a functions of the the 
same variables x'^, y', y'^-f, as the coefficients of the balance laws (2.3). II law of 
thermodynamics requires that entropy satisfies to the balance law 

d{h^r^^) = S, (2.9) 

with the production 4-form 

S = S(x^y^y»77,(7^0, (2.10) 

being positive on the solutions of the balance system (2.3). 

Entropy principle (j3Il[31]) requires that any solution of the balance equations 
(2.3) would also satisfy to the equation (2.9) and that the production a. This 
requirement places serious restrictions to the form of the balance equations (2.3). 

To close system of equations (2.3) (or (2.3+2.9)) for one has to choose the 
constitutive relation C of the thermodynamical system, i.e. to choose the densi- 
ties, fiows and production forms as functions of a;'', and the appropriate derivatives 
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of fields . In particular, one have to choose the domain of the constitutive rela- 
tion which is typically the full or partial jet-bundle of the configurational bundle 
TT of dynamical variables. By definition, the Rational Extended Thermodynamics 
(see Appendix II for short exposition of the formalism of this theory) is the zero 
order theory in that the domain of its constitutive relation is the space Y . In this 
article we consider the cases of constitutive relations of zero and first order only. 
Constitutive relations depend also ont the background fields (metric G in X or a 
connection v in the bundle n : Y X in this paper). As we will see in the part II 
of this work (in preparation, see also |44j), utilizing of the entropy condition allows 
to effectively reduce this process to a choice of smaller number of constitutive fields. 
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3. MULTISYMPLECTIC FlELD THEORY. 

In this section we recall briefly the Poincare-Cartan formalism of the Multisym- 
plectic Field Theory with the modifications necessary for the formulation of the 
covariant theory of balance systems. We will follow ( |24[ [T3l [TT] ). 

3.1. The 1-jet bundle. Given a frame bundle tt : F ^ X we say that two sections 
s,s' : U Y defined in a neighborhood J7 of a point x G X define the same 1-jet 
j^s{x) if s{x) — s'{x), s*a; s*a; : Tx{X) Ts(2.)(y). This defines an equivalence 
relation on the set of locally (near the point x) defined sections of tt. Space of 
equivalence classes of such local sections is defined (tt) . 

The total space J^{tt) = [J^ex ■^xi'^) cam be endowed with a smooth structure 
such that the mappings J^(7r) Y ^ X are fibrations. The fibration ttiq : 
J^{tt) y is the affine bundle modeled in the vector bundle Tr*{T*{X)) (g) V{Tr), 
where V{tt) C T{Y) is the vertical subbundle of the bundle tt. 

Let (x'^, y^; fi — 1, . . . , n + 1 = dim{X); i = 1, . . . , to) be an adopted local coor- 
dinate system in Y. Then the local coordinate system {x'^, y', z^; /i = 1, . . . , ti; i = 
1, . . . , to) can be defined in J^(7r) by the condition 

40» - ^(-)- 

3.2. Lagrangian picture: Poincare-Cartan Form. The volume form rj = y/\G\d" 
permits to construct the vertical endomorphism 

S, = {df-zldx^^)A7j,^-^ (3.1) 

which is a tensor field of type (1, n+1) on the 1-jet bundle space Z ~ J^{t^) of the 
configurational bundle tt : Y ^ X. Here 77^ = ^d^i^Vi see Appendix I. 

For a Lagrangian (n-l-l)-form Lrj, L being a (smooth) function on the manifold 
Z — J^{tt) the Poincare-Cartan (n -t- 1) and (n + 2)-forms are defined as follows: 

eL=L7j + S;idL), = -dOL, (3.2) 

where 5'* is the adjomt operator of Sj^. In coordinates we have 

QL = {L-z^^^)v + ^dfM^,, (3.3) 

dL dL 
= -d{L - z;^) A V - rf(^) A df A v^- 



(3.4) 



Remark 2. If the space manifold B has the boundary and some boundary condi- 
tions are prescribed for the sections <f> : X ^ Y oi the configurational bundle in the 
form 

(t){x) G Be, 

where Be is a subbundle of the bundle 1", then, in order to correlate boundary 
conditions with the variation of Poincare-Cartan form it is reasonable to require 
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that the restriction of JIl to the boundary subbundle Be is exact: there exists a 
n-form on the subbundle Be such that 

ibcQl = d9. (3.5) 

We refer to [1], Chapter 7 or to the paper 2J for more details. 

Recall ([21]) that the couple (Z, $7^) is a multisymplectic manifold provided the 
Lagrangian L is regular, i.e. the matrix L^i is nondegenerate. 

An extremal of L is a section of ttxy such that for any vector field £,z on Z, 

(jV)*(«?.deL) = o, (3.6) 

where j^(f> is the first jet prolongation of (f>. 

A section is an extremal of L if and only if it satisfies the Euler-Lagrange 
Equation (see, for instance, [H lllj) 



There is an operator £C : T{tt) r(T^*(7r)) (Euler-Lagrange operator) that has 
the local form 



In terms of this operator the Euler-Lagrange equations looks simply 

££{(f>) = 0. (3.9) 

3.3. Canonical multisymplectic bundles A^. Denote by V{Y) Y the sub- 
bundle of vertical tangent vectors of the tangent bundle T{Y). 

Following [211 [13] let A'^Y denote the subbundle of the vector bundle A'^Y of ex- 
terior fc-forms on Y consisting of those forms that vanish when r of their arguments 
are vertical (with respect to the fibration tt : Y ^ X) 

A^y = {ae A^Y . ..^,.cr = 0,V 6 & V{tt).} 

The manifold A'^Y carries a canonical /c-form Og define as follows: 

0o(w)(6, ■ • -Cfe) = w(7^Afc(t^))(7^Afe *(Cl),---7^A'= *iS,k)), (3.10) 

where to S A''Y, e T^{A''Y), and n^k : A'^Y ^ y is the canonical bundle 
projection. 

By restriction, this form induces an fc-form 8,J: on the manifold A'^Y. We denote 

3.3.1. Case k=n,n+l. We will use the construction above for fc = n+ l,n + 2;r = 
1, 2, or, more specifically, for A: = 4, 5. 

In particular. The bundle A2(y) of the exterior forms on Y which are annulated 
if 2 of its arguments are vertical: 

uj^ e A^(y) ^ ii^i^uj = 0, ^,77 G V{Y). (3.11) 

Elements of the space A"'''"'^y are semibasic n-forms locally expressed as p{x, y)r]. 
Elements of the space Aj'''^^ have, in local adapted coordinates {x^^y'^) the 
form 
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p{x,y)v + Pidy' A?/p. 

This introduces coordinates (x^, y^,p) on the manifold A"~^^Y and (x^, y^,p,Pi) 
on the manifold A^+^Y. 

Taking the case fc = n + 2 we see that the forms dy^ f\rj form the basis of K^^'^iY) 
while the bundle A"^^(y) is zero bundle. 

Introduce also the notations 

^(n+i)+(n+2)^y^ = K'i+\Y) e A^+2(y), A^"+')+("+')(r) - K'1+\y) e K'I+^y) 

for the direct sum of the bundles on the right side. 

It is clear that K\{Y) C ^20^) the subbundle of the larger bundle. Therefore 
we have the embedding of subbundles 

^(„+i)+(„+2)(y^ C A("+i)+("+^)(r). (3.12) 

For the Poincare-Cartan forms (3.10) in this case (fc = n + l,r = 2) we have 
local expressions 

=pil+ptdf Ml^., (3.13) 
n'^+' = -dpAv- dpt A dy^ A 1^^ - (-l)>f ^ A dy^ A 77, 
where Ag = ln{yJ\G\) 

3.3.2. Dual MS-picture: Hamiltonian systems. Basic for the Hamiltonian form of 
multisymplectic field theory is the bundle: Aj^^K endowed with the canonical 
MS-form 62^^ and its factor bundle over Y [polysymlectic bundle) 

Z* = K^+^Y/Kl+^Y, q : A'^+^Y Z* . 

Corresponding to the local adopted chart {x^, y^) the manifold Z* has the (local) 
coordinates (a:^,?/*,pp. 
Pairing 

ji(7r)xZ*^ly : (z,p)^z;,pf (3.14) 

identifies the bundle Z* — > F with the linear dual to the affine bundle ttq : (tt) — > 
Y. In the similar way, bundle A2^^(y) — > Y can be identified with the affine dual 
to the bundle tt^ : .J^{-k) Y (see [22l|29]). 

Remark 3. Another way to defined Z* is to take 

Z* = Ti*{T{X)) (g) V*{tt) (g) TT*{A"+\X)), (3.15) 

see [UlSn]- 

A Hamiltonian is, in this approach, a section h of the projection q. Having it 
available, we define 6/,. = h*e^+\ n,, = 

A section a : X Z* is said to satisfy the Hamilton equation (for a given 
Hamiltonian h) if 

for all vector fields ^ on Z*, 
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In local coordinates (cc'^, y', z^) a Hamiltonian h is represented by a local function 

H: 

Then, 

eh = -Hr^+p'^dy'Aj^^, (3.16) 



= -dQh = -dHArj + dpt A dy' A 77^ + (-l)>f ^^I^M^dy' a r;, (3.17) 
and the Hamilton equations for a section cr = (x^, cr'^{x), (t'^{x)) take the form: 

In difference to the bundle A"+-'^(F) the bundle does not have a canonically 
defined form of the Poincare-Cartan type (see for instance, Sec. below where it is 
shown that under the transformation induced by an automorphism of the bundle 
TT the (locally defined) for). Locally though, we can define the form 

e*-pfdy'A77^ (3.19) 

Under the action of an adopted transformation e Aut(T:) considered as a 
change of variables and lifted to Z* to the tensorially transformed form the term 
of the form Qi] is added (sec below. Section 11.1). As a result, the form 8* is not 
defined canonically, but its class mo(i(A""'"^(Z*)) is. Taking morf(A"+^ (Z*)) we 
get canonically defined element of the bundle A'^^^Z* /A^^^Z* on Z* . 

One may consider this class as defining the canonical y*(7r)-valued 
semi-basic n-form on Y. 

Below we will see that it is sufficient for the separating components of a bal- 
ance system to the individual balance laws with the help of independent vertical 
variations. 

Recall (see [6j[T3]) that given an Ehresmann connection v : Y ^ J^i'^) on 
the bundle tt with the vertical projector 

p,^dy,^{df + r^dxf'), 

defines naturally the linear section 6^ : Z* ^ A2^^Y given by 

SAFtdf A v^) = {Ftr^)^ + Ftdy' A 77^. (3.20) 
Section (5y defines the puUback of the form 62^^: 

g.QU+l ^ (^Mpj^)^ + p.^yi A (3.21) 

Form 6"+^ = 5*82^^ is defined correctly on the manifold Z*. 
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3.3.3. Bundle Z for the balance systems. To present the system of balance laws in 
the multisymplectic form we will need to use the vector bundles A^'+^^+'^+^V = 
A»+iy A"+^y, where i = 1, 2 and the vector bundle 

Z = A(«+i)+("+2)y/A("+i)+(«+2)y = A^^+iV/aJ^+^V e a("+'¥/a("+'V, 

(3.22) 

Notice that the first term in the sum on the right is Z* . 

Locally, elements of the factor bundle Z can be presented in the form 

p'^dy' A ry^ + q^dy' A 77. (3.23) 

Canonical forms 8*^ for fc = n + l,n + 2;i = 1,2 induce on the bundle Z the 
class of {n+ 1) + {n + 2) form 

e = p'^dy' A T]f, + q^dy"- A ry mod k\Z (3.24) 

where n + 1 and n+2 components of this form are lifted from the canonical forms on 
the components t^Y j !s}\Y for fc = 71+1, 7i+2. Class mod A*Z of this form is defined 
canonically (see above). In examples below we will be using these constructions for 
n = 3. 

3.4. Legendre Transformation. Let L be a Lagrangian function. We define the 
fiber mapping over Y 

legL : Z A^+^F, 

as follows: 

legL{jl<f>))iXi, . . . , A:„+i) = (eL)ji0)(^i, . . . ,X„+i), 

where j^ip & Z,Xi^ T^(x)Y and Xi e Tji^i^x)^ are such that 7r*(A"i) — Xi. 

Notice that addition of a constant to the Lagrangian L leads to the constant 
shift (in p) of the image of Legendre mapping in Aj^^F (which is a submanifold of 
codimension 1 if the Lagrangian is regular). Thus, the space Al^'^^Y is foliated by 
these shifts. 

In local coordinates, we have 

dL dL 

legL{x'',y\ z^) = [x^'^y^p - i - = 

The Legendre transformation LegL '■ Z ^ Z* is defined as the composition 
LegL = q o legL- Locally 

Le5L(x^y^^;) = (x^y^pf = --). 

Recall [24j that the Legendre transformation LegL Z ^ Z* is a local diffeomor- 
phism if and only if L is regular. 

If, in addition, the Lagrangian L is hyperregular (i.e. if LegL is a global diffeo- 
niorphism), one can define a Hamiltonian h : Z* K'^'^'^Y by setting 

h ~ legL ° Leg^^ . 

Then 

LeglQh = 6l, Leglilh = ^l- 
In this case LegL ■ {Zj^Il) ^ iZ*,D,h) is a multisymplectomorphism. 
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3.5. Unified formalism. In this subsection we describe tlie united geometrical 
setting of a classical field theory developed in ([23j[I3) the generalization of 
Skinner-Rusk (Dirac) geometrical mechanics. 

Introduce the fiber product Wq — Z Xy A^^^Y with canonical projectors pr.i to 
the z-th factor. We consider canonical coordinates (a;'',?;% 2^,p,pf) on Wq. 

Define the {n + l)-forms = prlQ2^^ ^^^d — pr20L, and the corresponding 
(n + 2)-forms fl = dO, ft^ = dO^ . In addition, we introduce the differences 
0* _ qL _ il* ^ Jl^ — il. In local coordinates we have 

' dL 



e* = 



L Z., — — r 



p 



V 



dif A 77^. 



(3.25) 



Define the submanifold Wi C Wq as the graph of the Legendre mapping LegL '■ 
Z A2^^Y, see \10^ and ^24j. Locally it is given by equations 

,„ dL 



dz 



0. 



Then we have 

Introduce the function Hq on Wq as follows ([24]!: 

This function allows to define the form 

= + dH(i Ar] = d{e -+ 
which takes the following local expression 



(3.26) 



(3.27) 



(3.28) 



(3.29) 



Qh, = -{dp + (-l)>f ^^!^M^rfy») A 77 - dpf A dy' A 7?^ + dH„ A tj. (3.30) 

We can develop the above local expression to obtain the following 

dL 
dy 



riHo = -dp^ Ady' Arj^+p^dz'^Arj + z'^dp'; Ar,- —df Atj~ (3.31) 



-^^4A,-(-i)>r^^d,'A,. 

Along 14^1 the second and fifth terms in expression for cancel each other and 
one get 



^Ho = -dp': A df A V, + z^dp'; A - + (^l)>f ^^"'gl'^^^ df A rj- (3.32) 
Notice that this form on Wi does not depend on p. 

Consider now the submanifold W2 C Wi defined by equation Hq ~ 0, i.e. 

P = -{p':zl-L). (3.33) 

which defines, for a given Lagrangian the hamiltonian section of : A2^^Y — s- Z* 
(a "local energy", see above). 

Notice that the form Q* (and therefore, fi*) vanish when they restrict to W2- 
This allows to identify W2 with the graph of the Legendre mapping LegL : Z ^ Z*. 
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3.6. Vertical contact structure. Notice that the dimensions of the fiber of the 
bundle tt^ : Z ^ (tt) ^ Y and that of the dual bundle Z* = (A^+^F/A'^+^F) ^ 
Y are the same. In addition to the {n + 1) and (n + 2)-forms introduced above, the 
bundle t^yWo ■ ~^ Y has one more geometrical structure, namely the contact 
structure in the fibers Wq y of the bundle ttyWo '■ ~* Y . Indeed, fibers of this 
bundle are endowed with the canonical contact 1-form 

§ = dp + z^dp^ = d{p + zlpt) - ptdzl. (3.34) 

This "vertical contact structure" allows to distinguish the Legendre mappings de- 
fined by some lagrangian L g C°°{Z) from the general bundle mappings C : Z ^ 
Z* , namely. 

Proposition 1. (1) Let Lrj be a Lagrangian defined on the space Z ~ J^^ir). 
Then the intersection of the graph of Legendre transformation legL ■ 
J^in) — > A2~^^Y with the fibers Wq y of the bundle Wq Y are the Le- 
gendre submanifolds of the fibers Wq y . 
(2) Let C : J^{tt) A^J^^l" be any smooth bundle morphism (overY) given by 

C{x,y]z''^) = {x,y;p{x,y;z'l),p'^{x,y]zl^)). 

Then the intersection of the graph C Wq = of this morphism with the 
fibers Wo y of the bundle Wq Y are the Legendre submanifolds of the 
(contact) fibers Wq y if and only there exists a (locally defined) function 
L e C°°(Ji(7r)) such that 

Pj = i^j, P ^L- z^L^y 

Proof. For the first statement, notice that we have in local coordinates 

legL{x^',y\zl) = ix'\y\p^L-z'—,p>^ = — . 

dz}, dz^ 

Thus, along Tl we have 

Hi 1 ,/t , dL . i dL . dL ^ , 

fi MM 

For the second part we notice that the restriction of the 1-form 6 on the fiber Wq y 
to the graph of C has the form 

P.zi'^zl + z'^p^^^^^^dzl = + z^pf) - p^". 

Introducing function L = p + z^^j)^ we immediately get the necessary expressions 
for components of mapping C . □ 

Introduce the smooth submanifold (fiberwise quadric) Wr C Wq (reduced) de- 
fined by the condition 

Wr^{w^ {x,y, zl^,p,p>t) €Wq\p + z^pt = 0}. 

Remark 4. Submanifold Wr is the abstract analog of the quadric C in the phase 
space of the homogeneous thermodynamics which contains, due to the homogeneity 
requirement) all the (Legendre) constitutive surfaces of different homogeneous TD 
systems with given thermodynamical phase space, see [4]. 
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Restriction of the form 9 to the fibers over Y of the subbundle Wr of the bundle 
Wo — > Y has the form 

Consider the projection Wq ^ Z x Z* = J\tt) x A^+'^Y/ A'^+'^Y (see Sec. 3.5). 
Restriction of this projection to the submanifold Wr is the diffeomorphism of the 
bundles over Y with the inverse j given by 

Consider the fiberwise puUback 6* = j*0\wr- This 1-form has the same type 6* = 

Lift it to the bundle Z x Z ^ Y via the projection to the first factor keeping 
the same notation for this form. 
Let now 

C:J\-k)^Z*:z^z*= Ft{x, y, z)dy' A r?^ 

be any smooth m,apping of the bundles over Y, let C : J^{Tr) — > A2~^^{Y) be its 
lift to the mapping into the bundle A2+\F) defined by p{z) = zl^Ej^iz) and let 
be the lift of the mapping C to the embedding Z ^Wq = Z x A^^^iY). Then we 
define the 1-form on Z 



ec = C*{9*)=Ftix,y,z)dzl 
on the fibers of the 1-jet bundle ttio : (tt) Y. 



(3.35) 
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Chapter II. Partial 1-jet bundles. 

4. Partial jet-bundles Zp — Jp(7r). 

4.1. State spaces and the partial jet-bundles. State fields bundle Y (with 
the fiber U and field variables j/*) over the base X: ttyx :Y^X, introduced in 
Section 2 represents the first floor of the construction of a bundle that serves as a 
domain of general constitutive relations (shortly CR) of a balance system (2.3). 

Following types of the bundles serving as the domain for constitutive relations 
are most widespread: 

(1) Minimal state space (case of the total 1-jet bundle): No derivatives of 
physical fields are included into the space U . Constitutive relations are 
defined on the full 1-jet bundle J^(7r) (first order theory), or on the full 2- 
jet bundle (second order theory), see [52j). Elasticity theory is an example 
of such a case. Notice that the base manifold X here can be taken ss 
the product of the time line T and the material manifold B (Lagrange 
picture) rather then the physical space-time. Similar bundle picture is used 
in astrophysics (see. [5]). 

(2) Optimal (in physical sense) state space: some fields are included into the 
state space U with some of their derivatives or only these derivatives are 
included into the state space. For instance, it is customary to include 
velocity field v (which is defined by the time derivatives of the deformation 
embedding of the material manifold into the physical space) in the list 
of basic fields and write down the balance law of the linear momentum, 
corresponding to the velocity field. This is the generic case. Five field model 
(2.7) is an example. In such scheme one can distinction between the fields 
entering the constitutive relations alone from those entering CR with the 
time derivative, with the spacial gradients or with both. Such a distinction 
is important if one would like to preview the type of a PDE-system that 
corresponds to a given balance system - is it hyperbolic, dissipative, or some, 
definite mix of both, does it have a stationary, possibly elliptic components 
etc. 

(3) Maximal state space (Rational Extended Thermodynamics - RET): In the 
Rational Extended Thermodynamics all the derivatives of physical fields 
entering the constitutive relations (CR) (temperature gradients, rates of 
strain tensors, etc.) are included into to the bundle U of the basic fields of 
the theory. It gives a tremendous technical advantage to write constitutive 
relations in terms of fields ?/* only (without any derivatives included), to 
have first derivatives only while differentiating the constitutive relations 
and to have a simple duality picture (see Appendix II). On the other hand 
it makes the whole scheme somewhat too cumbersome: one has to include 
into the system the balance laws for the derivatives of physical fields, such 
derivatives being listed in between the basic fields in the space U . 

Here we present a construction of two types of the partial jet bundles Jp(7r) 
of a fiber bundle tt : Y ^ X that will be used in the paper. One, denoted as 
J]f (tt) is related to a subbundle K of the tangent bundle T{X) (or, more exact, 
with an almost product structure T{X) = K (B K' (see [23]), the other, denoted as 

(tt) , is defined by the decomposition S of the state space U into the direct sum 
of subspaces with different set of derivatives entering constitutive relations. In the 
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second part of the work we define and study more general type of partial first and 
higher higher order jet bundles. 

4.2. Partial 1-jet bundles J^(7r). 

Definition 1. Let ttxy : Y ^ X he a fiber bundle and let K{X) C T(X) be a 

suhhundle of the tangent bundle of manifold X . 

(1) Let <Pij4'2 be a two sections of the bundle ttxy such that (j)i{x) = (j)2{x). 
We say that these two sections are K-equivalent of order 1 at a point 

X G X and denote this as (pi 4>2 if the restrictions of the tangent 

mappings : T{X) T^.^^^iY) to the subspace K^^X) coincide. 

(2) Space of classes of K^- equivalence of order 1 will be called a K -partial 1-jet 
(of a section) at a point x. Space of K -partial 1-jets at a point x G X will 
be denoted by J]^ ^{ttxy)- 

(3) Union UxexJx xi''^XY) denoted by JI^{ttxy) o,nd will he called the 
space of K -partial 1-jets of sections of the bundle ttxy- 

Example 2. (1) For K = ^, the bundle Jj^ (tt) = {0}y - afiine bundle with 
zero-dimensional fiber (this is the case of RET). 

(2) Let .F be a foliation of the manifold X and let K = T{J^) be the distribution 
tangent to the foliation. Then, Jj^ (tt) is the bundle of sections of tt : y — > X 
and their derivatives along the foliation T. 

(3) For K = T{X) the bundle Jjf (tt) = J^iir) is the conventional 1-jet bundle. 

Proposition 2. (1) Space J^(7r) of K -partial 1-jets of sections of the bundle 
TTxY has a natural structure of affine bundle ttio k over Y based on the 
vector bundle tt*{K*) (g) F(7r) Y and of the fiber bundle over X . Here 
K*{X) is the vector bundle dual to the subbundle K{X) C T(X). 

(2) There is a canonical surjection of affine bundles 

wk ■ Jki'^)^ 

associating with any class of equivalent sections of order 1 of the bundle n 
containing a section (p the class of K^-equivalent of order 1 sections of -k 
containing section (j). 

(3) Let T{X) = K[X) © K'{X) be a decomposition of the tangent bundle of X 
into the direct sub of vector subbundles (an almost product structure (AP)), 
then the commutative diagram 

ji(^) j^(^) 

is the diagram determining J^{tt) as the fiber product of partial affine 1-jet 
bundles with respect to K and K' over Y . 

(4) Let Ki C K2 C T{X) be two subbundles of the tangent bundle T{X). Then 
there is defined the canonical surjection W21 '■ Jx^i''^) — * JK^^i"^) such that 
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(5) (Functoriality) Let the lower square of the diagram 

Jl-M JkM 

Yi Y2 



X = X 

represents a morphism of the bundles f '■ Yi Y2 over the manifold B. 
Then there exists the morphism of the bundles j^{f)K ■ JKiT^i) ~^ •^is-(7''2) 
such that the diagram above is commutative. 

Proof. Almost all statements of this proposition are simple and their proof just 
repeat the proof of similar statements for the full 1-jet bundle J^{tt). To prove the 
last statement of the proposition notice that for any section s of the bundle tti and 
any (local) section ^ of the subbundle K C T{X) we have for the section s' = f o s 
of the bundle tt2'. 

and thus, the derivatives of components of a section s' in the directions of the sub- 
bundle K are defined by the linear mapping of the derivatives of components of the 
sections s in the same direction. Therefore the mapping sending the point {x, y, z^^ , 

being a local basis of the bundle K to the point (x, y' = f{x, y), z^^ = ^p-{x, y)zl^ 
is defined correctly (independent on a choice of a section s) and determine the map- 
ping Ik- □ 

Remark 5. If a subbundle K C T{X) is chosen, the G-orthogonal complement to 
K: K' — K-^^ can be taken as the complemental subbundle K' in the AP structure 
T{X) = K®K'. 

Let now a section ly of the bundle (J"'^(7r), ttiq, Y) over Y (a jet field or Ehres- 
mann connection on tt) is chosen ([T31[IH]). The section 1/ of the full 1-jet bundle 
determines, by composition with the surjection wk the section of the bundle J]^ (tt). 
Thus, in the affine fibers Jy(7r) of ttq over Y (respectively tt]^ q : J]^ ^ Y) a point 
v{y) is chosen. 

This defines an identification of affine space Jyiir) with the vector space Vy ® 

I,:Jl{i:)^Vy®T:^y^{X), (4.1) 
and similar identification of the partial 1-jet bundle 

j],y{^)^Vy®l,*{K*{X)), (4.2) 

where K*{X) = T*{X)/K^{X). 

Thus, a choice of a connection v identifies (noncanonically) 1-jet bundles Jk{tt) 
with the vector bundles: J}^ ^(tt) ~ «> 7r*(i4:*(X)), see [H], Sec.17.2. 

If an almost product structure T{X) = K (B K' is chosen, by definition of the 
fiber product there is the bijection between the pairs of sections of the bundles 
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"^K (■"')) '^K'i''^) "^"^"^^ ^ ^^"i the sections of the bundle J^{tt). Thus, a choice of con- 
nection ly defines the sections in the bundles (tt), Jxiii^) over Y and, therefore 
the commutative diagram of fiber product of vector bundles 

'1 (4-3) 
Y 

Splitting T{X) = K ® K' of the almost product structure defines dual splitting 
of the cotangent bundle: 

T*{X) = K* ®K'*, 

where K* = K'^, K'* = arc annulators of the complemental subbundles. As 
a result, the isomorphism (4.2) splits 

U : 4 (tt) ^Vy® T:(^) iX) = Vy^ (BVy^ . (4.4) 

In particular, this defines the affine subbundle 

Zko = {{x,y,z) G Z\ h{z) &Vy(^ K(v)}^ 

corresponding to the vector subbundle V(7r) ® K* in the decomposition (4.4). 

Example 3. In this example X = T x M = R'^^^'^^ is the Galilean space-time, i.e. 
the 4-dim space-time with the block-diagonal Euclidian metric H = dt^ + h and 
the action of Galilean group 

G = X (9(3) X y^ 

where is the group of 4-dim translations in X, 0(3) is the orthogonal group 
of euclidian metric h in physical space M and is the group of inertia frame 
transformations . 

Example 4. In this example we take tt : ^ with coordinates (t, x) on 
the baseX (time -(- one space variable), K =< dx > is the subbundle of derivative 
along space direction. Consider the constitutive relation defined on the partial 1-jet 
bundle J^(7r) leading to the Poincare-Cartan form 8c = —cr A dy = ydy /\ dx + 

2 

(^ — Szx)dy A dt + Ody A dt A dx (conservation law). Then the balance equation 
defined by this constitutive relation is 

da = 0^ dty + dxi.-^ - 5y,x) = yt + yyx - 5yxx = - 
Burgers equation. 

Example 5. For the same bundle tt as in the previous example and for the same 
partial 1-jet bundle take the constitutive relation leading to the Poincare-Cartan 
form —<j Ady = Qc = Zxdy Adx + cos{y)dy Adt + Ody Adt A dx. 
Then the corresponding balance (conservation) law takes the form 

c?CT = <^ dtZx + dxCos{y) = y^tx - sin{y) = - 

sin-Gordon equation. 



rl t \ K' 
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Remark 6. If we would like to write down the KdV equation yt + &yyx + yxxx ~ 
in the form similar to one of the last two examples, we would need to use the 
Poincare-Cartan form 

9 = ydy f\dx + {zxx - 3y'^)dy A dt, 

so that we would need to use the partial 2-jet bundle as the domain of corresponding 
constitutive relation, or to increase dimension of the state space U of fields ?/* by 
adding first derivative Zx in their list. 

Definition 2. Let is a partial 1-jet bundle of the bundle tt. Denote by JpiTr) 
the subbundle 

4in) = J^n)nJH4{n))cJ'{n). 

Sections of this bundle are 1-jets of sections of the bundle J^{Jp{TT)) modulo the 
mixed derivative equality whenever one is applicable (see [19)). 

4.3. Space-time splitting case - bundles Jg{TT). When the partial jet spaces 
J^{tt) with different K mixes to produce more complex partial jet bundle we get 
a more complicated factor of the full 1-jet bundle. As an example consider the 
situation where the fiber U of the configurational bundle Y splits into the subspaces 
of fields that enters the constitutive relations with only time, only space and space- 
time derivatives (5.1): 

U = Uo(SUt(SUx® Utx, (4.5) 
corresponding to the splitting S of the set of indices: 

S = 5o U S'f U 5*2; U Sxt '■ [0, m] — [0, mo] U [mp + 1, mi] U [mi -I- 1, m2] U [m2 + 1, m]. 

(4.6) 

Here Ua includes the fields y'^,i G Sq whose first derivatives do not enter the CR, 
Ut includes the fields y^,i & St whose time derivative enters the CR but their spacial 
gradient does not, Ux is formed by the fields y^,i € Sx whose spacial gradient but 
not the time derivative enter the CR, finally, Utx is formed by the fields y^,i G Stx all 
derivative of which enter the CR. We assume that all the fields are tensor or tensor 
density fields in the space X. This splitting is, therefore, Dif f{T) x Dif f{B)- 
invariant. 

Using the decomposition (5.1) together with the splitting T{X) T{Rt)®T{B) 
(see Sec. 2) we can introduce the following 

Definition 3. Let S be a diagram of a splitting the fiber of the bundle tt as the sum 
of subbundles (4-5)- We define the partial 1-jet bundle Jgiir) starting with the 
equivalence relation for two local sections si, S2 : X —^ Y defined in a neighborhood 
of a point x £ X: 

si -^s,x S2 s\.t{x) ^ sl^t{x), i e St; s\.^a{x)=sI,^a{x), i e Sx, A ^ 1, . . . ,n; 

(a;) = S2,xf (a;), i e Stx,fJ. = 0,---,n (4.7) 
and following the steps of definition of j]^ (tt) . 
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Y 


Uo 


Ut 


Ux 


Uix 







"•It 


U'x 








''^,xi '^,tt^ ''-hx 


'^.ti '^.txi ''^xx 


'^^tt' ^!tx> '"xx 



Table 1. 1- and 2-partial jet spaces Jgiir). 



Bundle Js(7r), as its fiber the space of the first derivatives of sections s : X 
of the following type 



Y 



u'j, ieSt = [mo+l,mi]; u*^.^, i € = [mi+l,m2]; u't,!*'^.,^, i e Stx = [m2+l,m]. 

Statements in the next Proposition follows directly from definitions and we omit 
their proof. 

Proposition 3. (1) The bundle Js{tt) is defined correctly with respect to the 
diffeomorphisms from Diff{Rt) x Diff{B) of the base manifold X = RfX 
containing arbitrary diffeomorphisms of and the independent time 
diffeomorphisms of Rt- 
(2) Correspondingly to the decomposition (4-5) we have the decomposition of 
the bundle Y ^ X as the fiber product of vector bundles over X 



Y ■ 



YoxYtxY^x Y^t, 

XXX 



(4.8) 



where -kq : Yq ^ X has Uq as its fiber, nt : Yt ^ X has Ut as its fiber, 
T^x '-Yx ^ X has Ux as its fiber, Titx '■ Ytx ^ ^ has Utx as its fiber. 
(3) For the partial 1-jet bundle Jg{Tr) we have the following decomposition into 
the fiber product of affine bundles 



4W = 0(lo) X Jl^^^iYt) X Jlo^,^{Yx) X j\Ytx) 

over X . 

(4) (Functoriality) Let the lower square of the diagram 



Yo 



(4.9) 



X 



represents a morphism of the bundles f : Yi ^ Y2 over the m,anifold B 
such that f{Ui Ki) U2 Ki for the subbundles Ki be the subbundles or the 
splitting S, i.e. Ki =< >,< 9f >,< O^a >,T{X). Then there exists the 
morphism of the bundles j^{f)s ■ Jsi'^i) ~^ ^si''^'^) ^'^^^ ^^^^ diagram 
above is commutative. 



In Table 1 there arc listed the derivatives of sections corresponding to a de- 
composition S of the state space U (here J gin) = J^{tt) n J^{Jg{TT)), see above) 
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Remark 7. Notice here that the case Jsi^^) includes, as its special cases, RET 
case, case Zp = Jjf (tt) and the case of the full 1-jet bundle J^{tt). Thus, probably, 
this situation is the most general case of a partial 1-jet bundle over n important in 
applications (that includes only 1-jet bundles but not higher order bundles). 

Introduce the notion of geometric automorphisms of the bundle tt that can be 
lifted to the bundle JsiT^)- 

Definition 4. (1) An automorphism 4> € Aut{TT) of the bundle w is called a 
S-admissible if it is the automorphism of the fiber product bundle decompo- 
sition (4-4),i-e- there are automorphisms: (j)o of the bundle Yq X, (f)t of 
the bundle Yt ^ X etc. such that 

Y Y Y 

Lie group of S-admissible automorphisms of the bundle it will be denoted 
by Ant sin). 

(2) A projectable vector field £^ G ^iX) is called S-admissible if transformations 
of its local flow (f>t are S-admissible. Denote by ^^(Tr) the Lie algebra of all 
S-admissible projectable vector fields in Y. 

Following simple Lemma describes the structure of ^-admissible vector fields. 

Lemma 1. A vector field ^ G X{Tr) belongs to Xsiir) if and only if it has the form 

+ E CHx,y'^ f e S,)dy,, + 5^ e'{x,y'', f e St.)dy,,. (4.io) 

Finally, wc have the following description of the 1-jet bundle of the bimdlc J5(7r). 
Notice that fibers of this bundle contains values of derivatives of first and second 
order of some fields 

Proposition 4. Affine bundle J^{Jg{'K)) over Jg(7r) has its fiber modeled on the 
vector space 

where the types of partial derivatives of fields from different components [/* of 
the field space U included into the second partial jet bundle are marked. 

Remark 8. Natural dual affine bundle to the bundle Zp = Jpin) is the subbundle 

of the bundle Z* . To sec this we recall the natural affine projection J^{tt) Jp{T^) 
introduced above. Correspondingly we get the induced monomorphism of dual 
affine bundles 

Yet below we will be mostly interested by the mappings from Jp(7r) to the whole 
space Z* and Z. 
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5. Balance Equations with the domain in Jpiir) 

In this section we define balance equations with the domain being an open subset 
of a partial 1-jet bundle and the balance systems - basic notion of this work. 

Definition 5. (1) A balance equation (law) with a domain D c Jp(7r) is an 
n + (n + 1) semibasic form B defined in the domain D: 

B = F'^rj^.+Ilr], F'',Ue C°°{D). 

(2) A section s e r(7r) is a solution of the balance equation B if 

djlisTiB) = djlisYiF'^v^) - jlisTIlrj = 0. 

Here d is the Iglesias differential, see Appendix II. 

(3) A balance law B is called trivial if any section of the bundle w is its solution. 

Balance laws with a domain D c Jp(7r) form a vector space - subspace BC{D) c 
A*^(D) of the subalgebra of semi-basic forms A*(,(£>) of the exterior algebra K*{D) 
in the domain D. 

Lemma 2. A balance law B = q^rj^^ + lirj is trivial if and only if H = d^q^, 
where d^ — dxi^ + z^fj,dyi is the total derivative by . 

Proof. Standard. □ 

Remark 9. Functions q^^ should be such that the jet variables zj^ be admissible 
variables of Jp{n) provided that dyiq^ ^ 0. This places a limitations on the type 
of functions q^. Namely, 

(1) For the RET case q^^ = q^{x) can not depend on y. 

(2) For the full case there are no restriction to the dependence of q^{x,y) on 
x,y. 

(3) For Zk = J^(7r) with K = T{B), one should have dy.q^ = for all i. 

(4) For Zk = J^i^^) with K = T{Rt) one should have dyiq"^ = for all 
A = 1, . . . ,n. 

Definition 6. Two balance equations (laws) B/. = F^Vij. + ^kV o,re called Div- 
equivalent if B2 — Bi = q^r]^ + d^qf^)r] for some functions q^ G C°°{Zp). 

It is clear that the balance equations which are Div-equivalent has the same 
space of solutions s e r(7r). 

Definition 7. A balance system defined in a domain D c Jp{n) is a subspace in 
the space BC{D) of the balance laws defined in D. 

Remark 10. As defined, the notion of balance system is very broad. To bo more 
practically useful, one has to deal with the systems large enough to specify all 
the components s*(x) of the basic fields and small enough to bo determined. 
Second condition is usually achieved by requiring that the number of equation in a 
balance system is equal to the number m of basic fields. First condition requires the 
fulfillment of some regularity conditions (see Section 14 below) that may depend 
on the problem studied with the balance system. 
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6. Partial Cartan distribution. 

The 1-jet space Z = J^(7r) is endowed with the canonical Cartan distribution 
Ca locally (in the adapted coordinates) defined by the l-forms 

uj' = dy' - z^^dxi". 

Cartan distribution is the direct sum of two distributions: 

Ca, = D,® F(7rio), (6.1) 

where l^(7rio) =< d^i > is the vertical subbundle of the tangent bundle T{Z) 
with respect to the projection ttio : Z and 

Dz =< df, = + ^ zi^dyi > 

i 

is the subbundle generated by the (truncated) total derivatives by x^. Distribution 
D is defined correctly with respect to the automorphisms of the bundle tt but it is 
not integrable. 

Distribution D allows to define the contact lift of vector fields from X to Z: 

In a case where the subbundle K is not integrable we will have to use non-holonomic 
frames in X and the corresponding coframes. 

Let {x^,y^) is a local adopted coordinate chart in the bundle tt. Let = ^^dx 

be a (local) nonholonomic frame of the tangent bimdle T{X). Denote by its 
dual coframe: < V'^i^f >= ^u- Using this definition it is easy to see that 

r = (^|);' ^dxr 

Let ip'^ be the puUback of the 1-form to Z = J^{t^) by the projection tt^ : 

Z = Ji(7r) ^ X. 

Following simple Lemma gives the representation of the Cartan distribution in 
Z in terms of such a non-holonomic frame. 

Lemma 3. Let {x'^,y^) is a local adopted coordinate chart in the bundle tt. Let 
be a (local) nonholonomic frame of the tangent bundle T(X). Denote by its dual 
coframe (< ip'^,^,^ >= 51^). Let 1^'^ be the puUback of the 1-form ip^^ to Z = J^(7r) 
by the projection tt^ . Introduce the (local) coordinates in the fibers of the bundle 
Z=J^{tt) by 

%{j\s)ix)) = {^,-s'){x) 
for all sections s : X ^Y. Then 

(1) We have ~zi^ = ^^zl- 

(2) Cartan distribution Ca in Z is defined by the forms 

u' = dy'-^zir, 

(3) Cartan distribution is generated by the vector fields 

Ca{z) =<^|, = ^|, + J2zi,^y^, d^i^, iJ.= l,...,n+l> . 
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Proof. Wc know that Cartan distribution is generated by the vertical vector fields 
dzj^ trivially annulated by the forms a;* and by the linearly independent vector fields 

Cm ~ C/^^M- Thus it is sufficient to check that ^''(Cm) = f^'' h M- We have 

/J. a i 

= (4 - ?zr{dx)) = (4 - s^^^rx' n = cM - ^zsi = e,z\ -4 = 0. 

(6.2) 

To prove the third statement we notice that 

□ 

Recall the following 

Definition 8. An exterior form on the 1-jet space Z = J^(7r) is called contact 
if for all sections s G r(7r), j^{s)*iy = 0. 

Contact forms on Z form the ideal CA*{Z) of the exterior algebra A*(Z). Forms 
Lu^ defined above in the case of a holonomic frame or forms in a case of a non- 
holonomic frame generate the ideal CA*{Z). 

In the 2-jet bundle J^(7r) with local coordinates a;^, y*, 2:^, z^j, similar Cartan 
distribution is defined generated by the ideal of contact form with the generators 

= - z'^dx^u, ^; = dz; - (6.3) 

In a contrast to the full 1-jet bundle in the maximal (RET) case the fiber of 
Jp(7r) is one point and has no local geometrical structure. We will show that 
in the intermediate case a partial 1-jet bundles Jk{t^),Js{t^) have the "partial 
Cartan distribution", corresponding to the structure of the fibers of Jp(7r) Y. 
This distribution although depending not just on the subbundle K but on the 
complemental distribution K' as well (i.e. on the whole almost product structure 
T{X) = KS)K', [53]) plays an important role for the partial jet bundles similar to 
that of the conventional Cartan distribution. 

6.1. Case of Jjj-(7r), K - integrable. We start with the case of a decomposition 
T{X) — K (B K' oi the tangent bundle of the base X and the corresponding de- 
composition T*{X) = K* K'* of the cotangent bundle into the direct sum of two 
integrable subbundles. Locally, one can choose a coordinate chart x'^ =< x'^;x'^ > 
such that (with respect to the index splitting ^ =< u,a >) 

K =< d^. >; K' =< d^. > . 

Almost product structure allows to split both subdistributions of the decomposition 
(5.1) as the sums of K- and i^'-subdistributions 

{v{^i) = V{n^)K®V{^i)K', y(7ri)K(2) =< a,. >,y(7ri)K'(^)-<% >, 
\d{z) - Dk{z) © Dk'{z), Dk{z) -< D,{z) >, Dk'{z) D„{z) > . 

(6.4) 

This decomposition is invariant under the automorphisms (/) of the bundle tt whose 
projection cj) to X preserves the almost product structure T{X) — K ® K'. 
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Now we define the 1-forms on the partial 1-jet bundle Jj 



(tt): 



(summation by i' only!) in the domain of the chart x^. These 1-forms arc defined 
correctly with respect to the diffeomorphisms of X preserving the decomposition 
T{X) = K (B K' (i.e. leaving both distributions of this decomposition invariant). 
It is easy to check that a section q of the bundle Jx{tt) is the (partial) 1-jet of a 
section s : X ^ Y ii and only if q*{co^)\K = for alH = 1, . . . , m. 
Thus, we have 

Proposition 5. Let T{X) = K (B K' be a decomposition of the tangent bundle of 

the base X into the direct sum of integrable subbundles. 

(1) The one forms defined in the local coordinate chart =< x'^;x"' > 
integrating the subbundles K, K' by 



generate a distribution on the partial jet space J}^{tt) of codimension 
m invariant under the diffeomorphisms of X preserving the decomposition 
T{X) = K ® K' . 

(2) A section q of the bundle J}^{tt) is the (partial) 1-jet of a section s : X 
if and only if q*{uj^)\K = for all i = 1, . . . ,m. 

(3) Partial Cartan distribution is the linear span of the vector fields 



(4) Let X be a connection in the bundle n. Define the affine subbundle Zko, 
( depending on the connection u and the integrable almost product structure 
T{X) = K ® K' ) by the equations = 0. Then the intersection of Cartan 
distribution Ca ofT{Z) with the tangent to the subbundle Zko is the linear 
span of the tangent vectors 



(5) Restriction to Zko of the projection Z ^^(Tr) defined the isomorphism 
of affine bundles Zko ^kM mapping the distribution Ca fl T{Zko) 
isomorphically onto the partial Cartan distribution CAk in Jk{'k). 

6.2. Case J^{it), K - general. Let now if be a general vector subbundle of 
T{X) and let T[X) = K ® K' is the almost product structure containing K as 
one of the subbundles. Choose a local basis of distribution K (respectively of K') 
consisting of the vector fields = 1, . . . , fc (respectively ^o-.o' = l,...,n+l — fc). 
Vector fields = 1,. . . ,n + 1 form a local frame. Introduce the dual coframe 
of this frame by requiring that (< 4"^, ^q, >= (5^). 

Frame defines in a domain W d X determines the zero curvature connection 
(absolute parallelism) r in W. This connection has, in general, a non-zero torsion 
T^^ that can also be defined in terms of the commutators of vector field of the 
frame or, what is equivalent, in terms of the differentials of the coframe 1-forms: 




(6.5) 



CanT{ZKo) =< D,,d^.,d,,.> 




(6.6) 
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Take the puUbacks tpi, of the 1-forms ij}^ to the bundle ^^(Tr). A fiber J]^ 
of the bundle Jx{tt) will be endowed with the defined above (local) coordinates 
zl = {^i, ■ s^){x) where s{x) is a (local) section of tt such that s{x) = y (Notice 
that these coordinates are defined by the distribution K only but not on the 
complemental distribution K'). 

Consider the set of l-forms on Jk{'k) 

=dy^ -Y.zii''^- (6-7) 

Let a = (a;''; s*(a;), s^a;)) : X JxiT^) be a local section of J^(7r) such that 
a*ijO^ = for all j. This condition is equivalent to the fulfillment of the conditions 

sl{x) =^us'{x),j = l,...,k, 

in other words to the integrability of the section a. Action of a diffeomorphism of 
X preserving the almost product structure T{X) = K@K' transforms vector fields 
of the frame oi these of the subbundlc A'', dual coframe and the vertical 
coordinates (a;) of the section by the action of Jacoby matrix in a coherent way 
ensuring the correctness of the following definition 

Definition 9. Let K he a general (locally trivial) subbundle of T(X) and let 
T{X) = K® K' is the almost product structure containing K as one of the suhhun- 
dles. Let ^j^, i/ = 1, . . . , A; 6e a local frame of distribution K, ^(^, = fc + 1, . . . , n + 1 
is the local frame of K' , let tp^^ be a dual coframe of the local frame Let ijj^, be 
the pullback of the 1-forms ip^, to the bundle J}^{Y). Then we define the (partial) 
Cartan distribution Cck^k' on the bundle Jjci'^) o,^ the one determined by the 
1-forms 

k 

^i=dy^-Y,A- (6.8) 

Proposition 6. (1) Distribution Cax has the property that a section a : X ^ 
= Jk{t^) is the K-partial 1-jet of a section s : X ^ Y iff a*u)^\K = 
for all j . 

(2) Distribution Cax is invariant under the flow lifts of diffeomorphisms of X 
preserving the AP structure T{X) = K ® K' . 

(3) Cartan distribution is generated by the (locally defined) vector fields 

— ^l,9yi , ^CT) ^z> • 

i 

(4) Let v be a connection in the bundle w. Affine subbundle Zko, defined by 
the connection v and the almost product structure T{X) = K (B K' (see 
0) by the equations = and the intersection of Cartan distribution Ca 
of T{Z) with the tangent to the subbundle Zko is the linear span of the 
tangent vectors 

CanT{ZKo) =<t,^o,^i- > 

(5) Restriction to Zko (see Prop. 5 above) of the projection Z — > JKiTi) defined 
the isomorphism of affine bundles Zko Jk{t^) mapping the distribution 
Ca n T{Zko) isomorphically onto the partial Cartan distribution Cgk in 
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Proof. To prove the second statement of the proposition we write the basic contact 
forms on the full 1-jet bundles as 

The Cartan distribution Ca is generated, in this basis, by the vector fields ^„ + 
zldyi,^cr + zl^dyi, Using the connection v for identifying the afSne 1-jet 

bundles with the corresponding vector bundles (see (5.5)) we see that the projection 
J^(7r) Jfci'^) ^^S' chosen adopted coordinates nonholonomic in the jet 

fibers, the form {x,y,zl,zl.) {x,y,zl,0). Under this projection the vector fields 
d^i^ go to zero while others projects to the vector fields + zldyi, ^o-, d^i^, 
respectively (if we assume that goes to zero. These vector fields are horizontal 
with respect to the partial contact structure on the partial 1-jet space Jj^(7r). □ 

Let only subbundle K c T{X) is given and we complete it to the AP-structure 
in two different ways: 

T{X) = K ®Ki = K ®K2. 

Let rj^ (respectively ?7<t i , ?7ct 2 be a local basis of distribution K (respectively, of 
Ki, K2). Mapping (3 : T{X) T{X) given by 

defines the pure gauge automorphism of the tangent bundle T{X) preserving sub- 
bundle K and exchanging subbundlcs Ki and i^2- Dual mapping /?* defines the 
automorphism of T*{X) sending tfj°' ^ tjj"' but sending ip'^ ^ into other 1-forms 
ip"^ ^. Coordinates zl in the fiber of the partial 1-jet bundle Jj^ (tt) defined by the 
condition zl i{jx{s)) = 1)^-8^ =< r]u, ds^ > are mapped under the isomorphism /? to 
the same coordinates zl 2Uk{^)) = ■ =< Tjv^ ds^ > a^nd the pullbacked formes 
'ip'^ ^ in J^(7r) are mapped to the forms ij}" - pullbacks of the forms ^. Thus, 
the generating forms wj^^ = dy^ — zl'ip" ^ of the first partial Cartan distribution are 
mapped to the generating forms = dy'^ — zl,ip^ ^ of the second Cartan distribu- 
tion. In terms of vector fields we have the mapping (^i^, i^d^i) N^,^cr 2, d^i ) of 
the first PCS to the second PCS. This mapping is the (pure) gauge isomorphism of 
the first structure to the second. It is clear that if the AP-structurcs KQ)Kj, J = 1,2 
are integrable with a local integrating charts (a;"",a;'^ ^) then the geometrical map- 
ping of the change of coordinates between these charts (a;"",a;'^ ^) — > (a;"",a;'^ ^) 
determines the isomorphism of partial Cartan structures defined above for general 
case. Thus we have proved the following 

Proposition 7. Let a subbundle K C T{X) is given. Let 

T{X) = K®Ki=K®K2 

are two ways to complete K to an AP-structure. Then the partial Cartan struc- 
tures CAk j, j = 1,2 in J/f (tt) defined by these two AP-structures are isomorphic. 
Isomorphism between these structures leaves invariant the sub- distribution of the 
(partial) Cartan distribution < ^v,dzi > . If the AP-structures K ® Kj are inte- 
grable, isomorphism between corresponding partial Cartan distributions is generated 
by the (geometrical) coordinate change of adopted (local ) charts. 
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6.3. Case of Js(tt). consider now the partial 1-jet bundle JgiTr) corresponding to 
the decomposition () of the basic field space U and to the fiber product decompo- 
sitions for Y and for Jg{n) given in Proposition (). Integrable product structure 
T{X) ~ (dt) {dxA) allows to define conventional Cartan distribution Catx in the 
1-jct bundle J^{Trtx) and partial Cartan structures Cat,Cax in the partial 1-jet 
bundles Jg^ (ttj), Jg ^ {wx) respectively. Define now the distribution 

Cas = Cat ® Cax Caxt- (6.9) 

Combining the results for all partial bundles (three of them since the bundle Yq 
has zero fibers) we come to the following 

Proposition 8. Let {S, Ui) is the splitting of the fields space U of the form (). 

Define in the partial 1-jet bundle Jgiir) the distribution Cas as the direct (fibered) 
sum of the partial Cartan distribution for all four partial 1-jet bundles JI{it) 

Cas = Cat © Cax © Coxt- 

Then, 

(1) Distribution Cas is generated by the following 1-forms 

ijf = dy'' - zldt, i e St, = dy* - z\dx^, i e S'x;a;* = rfj/' - z^^dx^, i e Stx- 

(2) A section cr : X — > Jsi^^) is integrable: a = ip{s) for some section s : X — > 
Y if and only if 

(T*w* = 0, for all i. 

6.4. Contact ideal on Zp, 

Definition 10. An exterior form v'' on the 1-jet space Z = Jp(7r) is called contact 
if for all sections s G r(7r), jp{s)*u = 0. 

Contact forms on Zp form the ideal Ip{Ca) of the exterior algebra A*{Zp). In 
local coordinates {x^,y^) denote by P the set of pairs of indices {n,i) such that 
coordinate is defined in Zp = Jp{n). 

Forms = rfy' — J2{fi i)eP ^^^dx^u defined above generate the ideal I{Ca). 

In the 2-jct bundle J^{Jp(TT)) with local coordinates .t^, y'; z^, (/i, i) E P; z^„j,, (/i, i) G 
P similar partial Cartan distribution is defined, generated by the ideal of contact 
form with the generators 



u;' = dy'- zt.dx"'u;ui, = dzl,- zi.^^dx'', ^ 



(6.10) 
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7. Lift of vector fields to Zp, Z, W. 

7.1. Transformations of X. In the space-time manifolds X — T x B oi a. con- 
crete physical systems or in some natural bundles over X (tangent bundle, frame 
bundle, etc.) that are the place for the field variables there are usually defined and 
undergone the study different groups of transformations reflecting the covariance 
and invariance properties of the geometrical structures of this theory or even their 
dynamical behavior. Examples of such groups are: 

(1) Diffeomorphism group of X, 

(2) Automorphism group of the space-time bundle ttbx '■ X B, 

(3) Group of diffeomorhpismes of the manifold with the boundary B, 

(4) A Lie group G of material symmetries of material manifold B (in a case 
where _B is a material manifold) acting on the frame bundle F{B), 

(5) Group of Galilean Transformations acting in the Newtonian space-time 
X = T X E^, 

(6) Subgroup V of the last group of the transition to the frame moving with 
constant velocity, 

(7) Poincare group acting in the space-time of special relativity {R^'^^, rj), 

(8) A gauge group corresponding to a Lie subgroup G C GL{n, R) and 
acting on the tangent or frame bundle of X, 

(9) Affine group acting on Euclidian space E'^ — (i?'^, h). 

7.2. Transformation groups in Y. If a bundle F is a natural bundle ([H]) or 
if y = Fl © I2, where bundle Yi is natural, then the action of a group G on X 
is naturally lifted to the action in Y (respectively in Yi and then in Y by trivial 
extension) in such a way that the projection tt : Y X becomes a G-morphism. 

If Y is not a natural bundle, one can use an Ehresmann connection v : Y 
J^(Y) in the bundle it : Y ^ X to lift vector fields of infinitesimal action of G 
(and, possibly, the action of the group G itself) to the i^-horizontal vector fields in 
Y: £, ^ ^. Vector fields ^ are projectable vector fields in Y. Such a Hft will be the 
morphism of Lie algebras (i.e. [S,,fj] = [S,,r]]) provided the curvature of connection 
V vanishes. Denote by Aut^ir) the group of automorphisms of the bundle tt - 
diffeomorphisms cf) € Diff{Y) projecting to the diffeomorphisms of X and by 
X{Tr) the Lie algebra of Aut{Tr) formed by the projectable vector fields in Y. 

Consider the situation where G is a subgroup of the group X{tt) of automor- 
phisms of the bundle tt - a group of diffeomorphisms of Y preserving fibers of the 
bundle tt. Transformations g & G project to the diffeomorphisms go of X forming 
the subgroup Go C Diff{X). Epimorphism G Go, .g ^ 50 of groups has a 
normal subgroup of G as its kernel: 

1 -> A^ G ^ Go -> 1 

is the corresponding exact sequence. N is the intersection of G with the group 
GX{tt) of pure gauge automorphisms - automorphisms of bundle tt acting in fibers 
and, therefore, generating identity diffeomorphism of the base (see jl9j). 

Remark 11. It is possible that the transformations from Go can be naturally 
lifted to the automorphisms of tt: 5 — s- g. This happens for instance if the fields 
are tensor fields or tensor densities fields on X. Lifts of elements h ^ Gq 
form a subgroup Go C X{n). Nothing guarantees that Go C G but if this happens, 
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then one get the semidirect product decomposition G = Go x N with G acting by 
automorphisms of N . 

One may consider projection g go as the action of G on X. This action 
naturaUy hfts to the action of G by automorphisms of the bundles of exterior forms 
A^{X) —> X. Then action of G on F and A"+''""'"^''X leaves invariant its subbundle 
over Y because the action of G by automorphisms of the bundle tt 
send fibers of tt : F — > A" into fibers and therefore leaves the vertical subbundle 
V{Y) C T{Y) invariant. We formulate this result as the following 

Lemma 4. Let G C Aut{'!T) be a Lie group of automorphisms of the bundle tt. 

(1) The projection Go of the group G to X lifts to the natural bundle of exterior 
algebras A*{X) such that the pullback of the forms 

TT* : K*[X)^K*{Y) 

is equivariant with respect to the projection g ^ go- 

(2) Subbundles h.^{Y) are invariant under the lifted action of G. 

Let now action oi G on X hy g go preserves the subbundle K C T{X). Then 
one can naturally define the action of G on the partial 1-jet bundle Jjf (tt) in such 
a way that the projections Jjf (vr) -^Y^X become G-morphisms (see below). 

Similarly, if an action of the group G leaves the splitting (5.1) invariant and its 
projection Gq leaves invariant the space-time decomposition T{X) = T(Ri)0T(_B) 
of the tangent bundle, one may lift its action to J^(7r). 

If an action of G can be lifted to the bundle Jp(7r) and to K^'^'^^^^^Y , by taking 
the fiber product of these actions we may lift the action of G to the space Wop = 
Jp X Aj"*"*'"^^'*!". As a result we may pose a question to study the lifted action of 
the group G on the constitutive relations C, lifted CR C, Cartan-Poincare forms 
Qc and the balance system generated by C (see below. Sec). 

Let us look in more details at these prolongations of transformations (in global 
as well as in infinitesimal variants). 

7.3. Lift of vector fields and transformations to Jp(7r). 

Definition 11. Denote by Aut{'K^) the automorphism group of the double bundle 
TTp : Jp(7r) Y ^ X i.e. diffeomorphisms of Jpiir) projecting to Y and X. 
Introduce the corresponding Lie algebra X{Trp) of vector fields ^. 

Recall that for K ^ T{X), J^iir) = J^tt). 

Vector fields ^ e '^{'^^) have, in adapted local coordinates (x'',u%z^), the form 

^ = e^(:,)a.. +^(x^2;^■)a,. +C(^^2/^4)9.,v (7.1) 

7.3.1. Case Zp = Z = J^in). Recall ([19114^) that there exists the natural lift 
^ — > of an arbitrary vector field ^ £ '^(^) to the vector field in Z = J^{tt) 
defined by the conditions described in the following 

Proposition 9. fsee [I9ll48] ). 

(1) For any vector field ^ G ^{Y) there is a unique vector field G X{Z) 
(1-jet prolongation of ^) defined by the conditions: 
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(a) Vector field G ^(Z) is projectable to Y and 

(b) Local flow of the vector field preserves the Cartan distribution Co 
(such a vector field is called an infinitesimal contact transformation). 

(2) The lift of a vector field ^ — ^^{x, y)dxi^ y)dyi has in local adapted 
coordinates the form 

e = ^^{x)d.. + e{x,y)dy. + - d.,, (7.2) 

where -D^^* — = + zj^^^j *s the total derivative of the function 
and similarly for . 

(3) The mapping £, is the homomorphism of Lie algebras: 

for allC^v^ X{Y). 

(4) For a projectable vector field ^ € X{tt), ^ = £,^{x)dxi^ + ^'^{x,y)dyi 1-jet 
prolongation^^ coincide with the flow prolongation (see below). 

The flow prolongation (lift) is defined by the local flow 0t(a;, y) of the vector 
field ^ e X{Tr). Let 4>t{x) be the flow induced by 0t in X (having the vector field 
£,'^{x)dxi' as the generator. Flow ipt acts on sections y = s{x) of the bundle tt by the 
rule: s — + {<j)s){x) — 4>ts{(i)f'^ {x)) . Differentiating by t at t = we get the generator 
of action on the 1-jet part s*j,f, in the form (7.2) (see f [l9l[48] )). 

The flow lift of automorphisms from Aut{-K) and of corresponding vector fields 
is the homomorphism of groups (Lie algebras) 

Aut{-K) -> Aut{-Kl), X{-k) -> X{ttI) (7.3) 
that locally, with respect to the adopted chart have the (7.2) 

7.3.2. Case of Zp — jj^^K). Let now iiT be a subbundle of the tangent bundle 
T{X) and let T{X) = K ® K' he an AP-structure containing K. Let 'q^{= 
dx" in an integrable case) be a local basis of K and denote by 5* the corresponding 
local coordinates in the fiber of the bundle ttiq : J}({t^) Y (see above). 

Definition 12. (1) Denote by XxiT^) the Lie algebra of tt -projectable vector 
fields ^ in Y such that the field ^ generated by in X preserves the dis- 
tribution K C T{M): (ptirK = K for the local flow (pt of the vector field 
I 

(2) Denote by Xk®k' (tt) the Lie algebra of tt -projectable vector fields ^ in Y 
such that the field ^ generated by ^ in X preserves the distributions K, K' C 
T{M): 4>t*K = K for the local flow (f>t of the vector field ^ (and the same 
for K'). 

Lemma 5. Let the AP-structure T{X) — K ® K' is integrable and let {x'^,x°') be 
a (local) integrating chart. Then 

(1) A TT -projectable vector field ^ ~ £,^{x)dxi^ + S(^{x^y)dyi belongs to XkIt^) if 
and only if 

^^e{x'',xndx^ ^C{x)dx'^ +C{xndx', 
i.e. if the components £,'^{x) do not depend on the variables x'^ . 



36 



SERGE PRESTON 



(2) A TT-projectable vector field S, = ^^{x)dxi^ + S,''{x,y)dyi belongs to Xk®k'{tt) 
(preserves the almost product structure T{X) = K (B K') if and only if 

Proof. 

This vector field belongs to K if and only if d^-^ • = for all u and a. The second 
statement is proved in the same way. □ 

Proposition 10. Let the AP-structure T{X) = K®K' is integrable and let {x"^, x'^) 

be a (local) integrating chart. 

(1) For a vector field ^ = ^'^{x)dxi' + Ci^^ y)9yi € Xj^in) the following proper- 
ties are equivalent 

(a) There exist a vector field G X{J^{Tr)) such that 

(i) Local flow of the vector field preserves the partial Gartan dis- 
tribution CaK- 

(ii) TTio = 

(b) Vector field has, in a local integrating chart {x'^,x"') the form 

^ = e{x-')d.'^+^^x-^)d,.+e{x-,y)dy.. 

In particular the projection f of the vector field in X preserved the 
almost product structure K Q) K' . 

(2) In the case where these conditions are fulfilled the vector field is unique 
and is given by the formula 

e = Cix^d.^ + ^"{x^d,. + f y)dy* + (d^C - 4, ^) dzi (7.4) 

(3) Mapping £, ^ is the homomorphism of Lie algebras: 

for all ^,r]G Xk,k'{t^)- 

Proof. Let ^ = ^^^{x)dxf + £(^{x,y)dyi + A^O^. be a prolongation to the partial 
jet bundle Zk of the vector field ^. Then, condition of the preservation of the 
partial Cartan structure is equivalent to the condition that for all the generators 
— ~ T^v z^dx" of the contact ideal of exterior forms, 

3 

for some functions € C^{Zp). We calculate 

C^ui, = + i^d){dy' - ^ 4rfa;") = d[e - 4r] + i^{-dzi A dx"") = 

= d^'-Cdzi-zld^''-Xidx''+Cdzl = ^%^dx''+^iy,dy^-zl[^'(^.,dx'''+^'(^.dx'']-Xidx'' = 

= ^q;{dy^-Y^zidx'^), (7.5) 

or 

(C.- - 4Cx')^^'' + i^y^dy^ + - K - ^IXMdx'' = Y.^i{dy' -^zidx''). 
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This equality is fulfilled if and only if we have 

Since neither nor depend on first system is equivalent to the requirement 
that both ^' and are independent on x"^ . Then the second condition determines 
g] and third - \\, = + Cyj^i ~ ^li^'^x'' ^^id the prolongation ^ takes the form 
described in the Proposition. □ 

7.3.3. Case of Zp = Zs = JgiTr). Consider now the case of partial 1-jct bundle 
Jg{7T) generated by the (x,t)-decomposition S (see section ??). By Proposition 3 
the bundle Y is the fiber product of the bundles Y = YoxYtxY^x Y^t and the partial 

XXX 

1-jet has the form of the the fiber product JUtt) = 0(Fo) x JHYA x JliY^) x JH^tx)- 

Y Y Y 

A natural class of automorphisms of the bundle tt is the class of S'-automorphisms 
of TT (see Definition 4) and corresponding class of S'-admissiblc vector fields in Y 
£, G A5(7r). In simple words these are geometrical or infinitesimal automorphisms 
of the bundle tt that preserve the S'-type of fields under transformation. 

In this case we have the canonical integrable AP-structure T{X) = T{B)(B < 
dt > with a local chart {x,t). Applying the arguments used for the study of 
prolongation ^ ^ to the partial 1-jet bundles Jk{t^) we get the following analog 
of previous Proposition: 

Proposition 11. (1) ^ vector field ^ G '^si''^) preserves the AP-structure 

T{B)® <dt> if and only if 

(2) For any S-admissihle n-projectable vector field ^ G Xsi^^) following state- 
ments are equivalent 

(a) There is a vector field G X{Zs) such that 

(i) Vector field G -^{Zs) is nio-projectable and 

7''10*(C^) = ^) 

(ii) Local flow of the vector field preserves the partial Cartan dis- 
tribution Cos at Zs{tt). 

(b) Vector field ^ has the following form 

C = ^^{x)d,A-^-e{t)dt+ J2 C°{x,t;y^\ f G So)dyjo+ J2 e 

+ Yl i''(^-^y'"' f e S,)dy,, + J2 C'{x,t;y='\ f e Stx)dy,,. (7.6) 

where dependence of vertical components ^' of the vector field ^ on the 

variables x^,t is specified by the subset S*, containing index i. 

(3) In the case where these conditions are fulfilled the vector field S,^ is unique 
and is given by the formula (recall that x^ =t) 
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^ + [dx^ dx^ J "^l + ^ [dx^ dx^ J "^^l^ + 

+ E f^-4#>.3. (7.7) 
(4) Mapping ^ ^ is t/ie homomorphism of Lie algebras: 

for all ^,v€Xk{Y). 

7.4. Case of a general AP-structure T{X) ^ K (B K' . Consider now a case 
wtiere AP-structure T{X) — K ® K' is not integrable. Denote by (respectively 
by ^cr local frames of distributions K,K' respectively, by 'tjj'',tp'^ - dual coframe. 
Introduce the structural equation 

#'' = T^^(ar)V^AV^ (7.8) 
of the coframe ipf^, where T is the tensor defined above. 

Denote by zl the vertical coordinates in the partial frame bundle Zk = 
defined by the condition zl{jp{s)) = ^j/S' for all sections s of the bundle tt. 

Recall that the partial Cartan distribution in Jj^ (tt) is generated by the 1-forms 

= dy^ — X^ygjf Ki''^^ where ifj'' = is the puUback of a coframe 1-form to 

the partial jet bundle Z^. 

Let now ^ = ^^^^ + C^yt be a projectable vector field in Y with the projection 
^ in A and let 

be some prolongation of vector field ^ to the bundle Zk- 

Wc would like to find conditions on the field ^ under which there exists its 
prolongation to Jjf(7r) preserving the partial Cartan structure Cax- 
We calculate: 

C^.u' = £^.{dy' - J2 - (q!»ci + ii^d)idy' - ^ = 

ueK veK 

-i^,{dziAr+~zidr)+d{c-~zi < r,o = -{e-ztw+ < i,r > dzi-~zii^.{dr)+ 
+dc-~zid <r,^>-< r,^>dzt = dc-zid < r,^>-{e-ztw-ztie{dr)- 

(7.9) 

In the last term i^i{dip'^) = i^{dip'^) since dtp'^ = d^^. 

Flow of the vector field preserves the partial Cartan distribution if and only 

if 

for some functions on Jxiir). Using the calculation above we get to the condition 

di^ - ztd <'rr^ > - xir - ztiiidr) = a] {dy' - E ^-V''^) (7-io) 

veK 
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for all i (we have used • 5* = A^). 

We have in the last formula < t/j", ^ >= and we will use the relations 

Using these two formulas together with (7.8) in (7.10) we write it in the form 

(€/.-e)V^+(a^.f )5?-4(€M-r)V^-Atr-5^*«i {T^^{x)^l>^'r) = q^dy^-q^zir- 

(7.11) 

Comparing coefficients of dy^ we get 

q-=dy,e (7.12) 
and rewrite the rest of (6.12) as follows 

(^,.-e)v^-^t(C/.-r)v^-Atr-^t7>%(a;)(^'5v^^V'^) = -{dy^e)zUr'. (7.13) 

We remind that in this formula v runs through indices in K while yu, q:,7, /3 
through all indices from to n. 
Present Xl in the form 

At = At(x,2/) + z^^AjrA?(cc,y,5), 

where first term does not depend on the jet coordinates. Such a representation can 
always done locally. Substitutive this decomposition into (7.13) and extract the 
terms that does not contain variables 5* as a factor 

(c^ • - Kr = 0. 

This equality is equivalent to two statements 

After excluding terms without ^-variables and using the equality 

valid due to the antisymmetry of T^j^ix) by lower indices, the equality (6.14) 
will take the form 

- • nr - tK^r ~ 2~ziT;^^{x)er = -{dy.c)zi,r- (7.15) 

Equating here coefficients of the 1-forms '0^ with fi = a we get 

-zii^, ■ D - 2ziT;^,{x)e = 0, 

or 

^„-^'' + 2T^,{x)e =0. (7.16) 

These are structural equations for the X-components of the vector field ^. 
Equating coefficients of the form tli'^^ in (7.15) we finally get 

- ziiU ■ n - tKA^,yrz) - 2ztT^^,{x)e = -{dy^CK- (7.17) 
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All terms in this formula except the second one on the left side are linear by 
z- variables. Therefore this second term on the left side is also linear by z and it 
follows from this that the functions AJ^^J^^ depend on x'^, y* but not on z. 

Equating coefficients at we get 

A-fe(x,y) = (a,.e)(5j;^, forfc^j, 

{U ■ n + KU^,y) + 'i^.Mi^ = idy-^'W... for k = I. 
From this we get 



y) = {dy-OK, , for 5^ i, 
\K^,{x, y) = {dy.e)S:, - iU ■ n - 2T^^., ioTk = i. 

Substituting these expressions and (7.14) into the formulas for XI, (and reversing 
places of v and ui) we find XI, in the form 



k 

= d.e - zU [(^. • r ) - 2T^0i{x)^% (7.19) 

Thus, we have proved the following 

Theorem 1. Let T{X) = K (B K' be an almost product structure on X. Let 

{^fj,} = (^i/j'Co-) a (local) frame adopted to the AP-structure and let 
psi'^jtjj'^ be the dual coframe. Let the structural equations of this coframe be 

dV =T^j{x)i^^ Z^^''- 

A vector field ^ = ^^^^ + ^dyi in Y have a prolongation to a vector field ^ = 
$, + J2i/eK K^^zi i'lT' the partial 1-jet bundle Zp = J^(7r) if and only if the condition 

• r + '^T^Ax)^'^ = 0, for all aGK',iyGK 
is fulfilled. In such a case, this prolongation is unique and is given by 

e=^+ (d.f - ~zl, -D- 2T;t{x)f) d,. . (7.20) 

Remark 12. Theorems on the prolongation proved before for J^iir) (Proposition 
13) for an integrable AP-structure T{X) = K®K' and that for the full 1-jet bundle 
(Proposition 12) are special cases of the last result. 



Under the action of an automorphism (j) € Autpin) a vector field ^ = ^'^8^+ xi^di 
is transformed as follows 

Automorphism can be flow lifted to the bundle space Jpin) as follows: Let 
s{x) be a local section of the bundle tt, then for the action of ^ to the section s: 
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(j>*s{x) = (l){s{(t) ^{x))) we find 

- Ji'i^y.Q^Ji^'X + JWUir't (7-21) 

in other words transforms by affine transformation 

zJicl^Hx, y, z)) = J{4>))J{4>-X^i + JWxJirX- (7-22) 
For the vertical vector fields we have 

01(5..)/ = 9,. (/o 0»(x,y,z)) = ^J{^)lJ{rX, 
therefore, for a projectable vector field ^ = + + CJi^^z^ have 

7.5. Prolongation of 7r-automorphisms to the dual bundles K^Y and Z. 

Automorphisms of the bundle tt (and, correspondingly, projectable vector fields 
^ € have a natural (flow) prolongation to the projectable diffeomorphisms 

(and projectable vector fields) of the double bundle K^Y Y X of exterior 
forms on Y (see [H] or [25). This lift ^ S,^* is defined by the puUback 0* of 
the exterior forms on Y by the local flow of a vector field ^ e A'(7r). Since the 
commutator of a projectable vector field £,^{x)dxt^ + £,'^{x'^ ,y^)dyi and an arbitrary 
vertical vector field rj = rf{x'^^y^)dyi is vertical, lifted local automorphisms of tt 
(and the corresponding infinitesimal transformations - Lie derivatives with respect 
to the lifted vector fields) preserve the subbundles K^Y C hJ'Y and, therefore, 
define the lifts of automorphism transformations (global, local or infinitesimal) to 
the corresponding automorphisms of the (double) bundles Aj?Y Y X. 

Another way to lift a general vector field ^ S '^(X) is defined by the following 
construction that was studied in [24] for the case where the metric G is Euclidian 
(put A = in the formulas of following definition). 

Definition 13. (Definition-Proposition, 2A\.) Let a he a pullback to X^^^Y of a 
■K-semibasic form a — a'^ {x,y)rii, on Y. Let ^ G X{Y). 

(1) Then there exist and is unique a vector field on X^'^^ satisfying to the 
following conditions 
(a) Vector field S,*"" is 7r^n+iy y-P'i'ojectable and 

^tq+W Y A*" = t 

(b) 
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(2) Vector field has the local form 

+ r" "dp + C" "^SpM , where 

(7.24) 

(3) Let a vector field ^ G '^(y) &6 Tr-projectable. Then the 0-lift^*'^ of^ coincide 
with the flow prolongation defined above. 

Remark 13. In the work P5] there was defined the class of "covariant canonical 
transformations of A2^^(y)" as 7r-projectable transformations of A2^^{Y) preserv- 
ing the multisymplectic form 62^^. Later on we will use transformations from this 
class to discuss the transformations of constitutive relations. 

Let now (jj g Aut{'K) be an automorphism of the bundle tt. Arguments in 
the beginning of this subsection shows that the flow lift (f>^* of 4> to the bundle 
A'^y leaves its subbundles A^Y invariant. In particular, (f>^* acts on the subbun- 
dles A^'^^Y, A^'^'^Y leaving their subbundles A"+^F, A"+^y invariant and leaving 
canonical forms 02~''^y and O^'^^Y invariant. Therefore, (f>^* generates the auto- 
morphism (j>* of the bundle Z = © leaving both terms invariant. 

Let H : ^ A'^+^Y to be a section (see Sec.) of the bundle A'^+^Y 
Then for the induced form Qh — i/*02^^ ~ H{x, y,pf)r] + pfdy^ A r]f^ we have 



reff(x,y,pn = 4>*H*&^+^ = {Ho~4,y&i+^ ^ Ho~^{x,y,pt)i^^ptdy'M,. (7.25) 

Thus, though the (0,n -I- l)-term of the form Qh is changed, its (l,n)-term 
is invariant. For the infinitesimal action of vector field ^* - generator of the 1- 
parametrical group of difeomorphisms 0t * we get from the previous formula 

In particular, we will be using this formula for the sections defined by a connection 
V in the bundle tt with H — p^T^^(x). 

For our study we need to lift a projectable vector field ^ to the bundle Z = Z'"~^^(B 

Zn+2 ^ ^{n+l) + {n+2)yj^{n+l) + (n+2)y ^ A^+ly/A^'+ly® A("+'¥/A("+'¥. Ncxt 

result allows to lift ^ to the bundle = A^"+^^y. 

Proposition 12. For any projectable vector field ^ G Ar(7r) there exists unique 
projectable vector field qh iJig bundle Aj"^^"*!" that leaves the canonical 

form Pidy^ A rj invariant. That vector is given by the relation 

r<"«'^« + W„,&=«(e'^-g)-«|i, (7,26) 

where X — ln{\G\). 
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Proof. We have, for a vector field of tlic form ^*("+2) ^ + ^kdp^ 

= [d{p,C)v-d{p^e)Av^)-P^edf AdT^^] + [edf A^^-Cdp^A^^+edp^Adf Av^.] = 

= [Cdy' Af]-Cdp^Af]+Cdp^Ady' Ar]^] + [edp,Ar]+p,^dy^ Aii-^^dp.Adf Ai]^,+ 

dyi 

df^ dX df^ BP B\ 

+ ^P^dy^ A rj - {p^eg^)df A rj] = {^p. - (p.?- — ) + i.)dy^ A r,. 

(7.27) 

Here we liave used tlie relatfon drj^ = X^xi^rj. 

Equating the obtained expression to zero we get the expression for S,i as in the 
Proposition. □ 

Combining the last result with the prolongation from the Definition-Proposition 
10 and with the prolongation from the previous Proposition and using fac- 

torization by yv'"^^''^''"^^''y we get the following 

Corollary 1. For any projectable vector field ^ £ X{'k) there exists unique pro- 
jectable vector field in the space Z = A("+i)+(«+2)y/A("+i)+("+2)y . prolonga- 
tion of ^, preserving the [n -|- 1) -f (n 4- 2) form p^dy"^ A rj^ + pkdy^ A rj. 

7.6. Transformations of Wo and Wi. Taking the fiber product of the action of 
A ~ X{tt^) (global, local or infinitesimal) in Jp(7r) and its action by the (global, 
local or infinitesimal) automorphisms of the the bundle A'^Y —> y X in- 
duced first by the projection to Y and then by the lift to AjjF, described in 
the last subsection, we define the (global, local or infinitesimal) action of the 
group Autin^) on the bundles VF™ = J^{tt) x \(^+'^)+(^+^)y and Wp = J^{tt) x 

(A^"+^)+("+'¥/Ai"+^)+("+'¥) = X Z. 

Combining this action with the homomorphism X^n) —> X^n^) induced by the 
lift prolongation we get the action of X{tt) by the projected diffeomorphisms of 
and Wp. 

The action of the group A in W^" and Wp will allow to define its action on the 
vector spaces CTZ and CTZ of covering and usual constitutive relations respectively 
(see Section 9 below). 

8. Prolongation of the connections to Zp and Z. 

A (pseudo-Riemannian) metric G in X determines the linear Levi-Civita connec- 
tion F*^ in the tangent bundle T{X). By duality an, by tensor and exterior product 
it defines connection in the cotangent bundle T*{X), in the bundles of tensors, in 
the exterior forms bundles A'^(Ar) and similarly in other natural bundles over X, see 
[llj . On the frame bundle F{X) connection F*^ is defined by the so(n, i?)-valued 
1-form 

u:''{x,f)=Vl^{x)dx'' +t]{x), 

where t{x) is the so(n, i?)-valued 1-form of Maurer-Cartan, while on the tangent 
bundle T(X) it is defined by the equations 

- K,{x)^''dx'' = 0, 
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where {x^,£,'^) are the adopted coordinates in the tangent bundle T{X). Thus, the 
hft to the tangent bundle of the vector field dxi^ is 



A (nonlinear, Ehresmann) connection p ([T9l [27]) in the bundle tt : Y ^ X 
determines and is determined by the section : (x'', y') {x^, y', rj^(a;, y)) of the 
bundle J^(7r) Y ( 19J). We will always assume this connection to be complete. 
In a local adapted chart (x^, y') this connection is defined by the equations 

dy'-L;(a:,y)dx'^ =0, (8.1) 

so that the horizontal lift of a basic vector field dxt^ is the (projectable) vector field 
in Y of the form 

dx.+U^{x,v)dy,. (8.2) 

Connection v defines the connection on the bundle VY — > Y linear over Y . 
Namely, applying the functor of vertical tangent bundle to the section qi, : Y ^ 
J^{-k) we get a mapping Vq^, : VY — > VJ^{t:). Let 

VJ\it) — ^ J\VY) 

•n-j TTioj (8-3) 

VY — ^ VY 
be the canonical involution ([ISj), then the composition 

Vyv :== iy o Vq^ : VY j\VY) 

determines the connection on VY X called the vertical prolongation of the 
connection v. If y* = dy* are coordinates in VY complemental to the adopted 
coordinates (a;^,y*) then the connection Vyv is defined by the equations (7.1) and 

dU 

dY' - —^Y^dx^" = 0. (8.4) 

More then this, connection v defined canonically (by the flow prolongation of 
the flows of horizontal vector flelds, see [19], Ch.X) the connections on the bundles 
T{Y) X, T*{Y) X, A''Y X satisfying to the proper forms of Leibniz 
relations with respect to the pairing, tensor and exterior products (see |19| ) which 
we denote by the same letter v. 

If we would like this extension to preserve the subbundles Aji: we would have to 
modify it using the connection F*^ on the base manifold X in order to extend the 
horizontal translation to the bundle Z* ~ T{X) ®y V*{'!t) AA"(X). We denote 
by r the obtained connection. We have 

Proposition 13. (1) Vertical subbundle V(Y) X of the bundle T{Y) X 
is invariant under the v-parallel translation along any curve 7 : (a, 6) X. 
(2) Ehresmann connection v in the bundle tt and linear connection F on X (i.e. 
on the tangent bundle T{X) X) define canonically the connection F in 
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the bundle Z* X whose horizontal lift is defined as follows 

d,. -> d,. + r; {v)dy. + ( - -^p1 + n^p", 1 % ■ (8-5) 

(3) Lift of vector fields ^ G X{X) with the help of v to Y and then - by flow 
lift to Z* coincide with the T -horizontal lift of ^. 

(4) Subbundles K^Y of the bundles K^{Y) are invariant under the T -parallel 
translation along any curve 'y : (a,b) ^ X. 

(5) Canonical multisymplectic forms Vl^ and 17 are invariant under the (local) 
flows of T -horizontal vector fields ^, ^ G X{X): 

Lf!; = 0. 

(6) Fullback tt* : A^{X) A'"'(y) embeds the exterior k-form bundle of X into 
the exterior k-form bundle ofY. Subbundles 7r*(A''X) C h!^Y are invariant 
under the parallel translation. 

Proof. First statement follows from the fact that parallel translation in Y maps 
fibers of tt into fibers. For the proof of second statement see [6j. Third statement 
follows from comparison of the comparison of expressions of vector fields lifted 
in two ways. Third statement follows from the first one. Forth and the fifth 
statements follows from the fact that (local) flows of z^-horizontal vector fields in Y 
are projectable to X and, therefore, the puUback by these transformations of the 
forms from 7r*(A*X) is, by duality, realized by the projected flows. □ 

Using the connection F*^ one can lift the connection v in the bundle tt to the 
connection v in the bundle tt^ : J^{t^) — > X. This lift can be achieved by different 
ways, (see the proof proved by LKolar and others ([19J) that "all the natural oper- 
ators transforming a general connection on it :Y X and a linear connection on 
M (here F*^) into a general connection on J^(7r) X form the one-parametrical 
family tP + {\ — t)T^, t G R" where P,T^ are two distinguished connections. 

Here we will use only one of these connections, namely the version of connection 
P for the partial 1-jet bundles defined as follows (see [19], Sec. 45. 7). Section q^, 
determines the identification of the 1-jet bundle Jp(7r) with the associated vector 
bundle VY(g)T*{X) 

I : J^tt) ~ VY(g>T;{X) 

similar to one for conventional 1-jet bundle. Here T*{X) is the subbundle of T*{X) 
dual to the subbundle K C T{X) defined by the AP structure K ® K' . Vertical 
prolongation Vv of the connection v was defined above. On the other hand, con- 
nection v determines the horizontal lift of vector fields in X preserving the AP 
structure K (B K' to the vector fields in the cotangent bundle T*{X) whose (local) 
flow leaves the dual decomposition T*{X) = K-^^BK'-^ invariant. Therefore, vector 
fields from Xk®k'{X) are lifted to the vector fields in T^{X) = K'-^. As a result 
we get the lift of the vector fields 

Tk^k'{X) -> X{VY^T*^^j,,{X)) ^ X{j},{7r)). (8.6) 

This lift determines the subbundle Hk®k'{v) of the bundle T{J^{Tr)) comple- 
mental to the vertical tangent subbundle of the bundle Tr)^ : Jj^iir) X and. 
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therefore, the connection in the bundle nj^. More then this, horizontal distribu- 
tion Hk(sK'{v) of this connection splits naturally as the sum of two subbundles - 
horizontal lifts of bundles K and K' respectively: 

HK®K'H=Kiiy)®K'iiy). (8.7) 
Denote obtained connection by lyj^. We get 

Proposition 14. Let T{X) = K (B K' be an AP-structure on X . Let v he a 

connection on the bundle tt : Y X and F*^ is the Levi-Civita connection in X. 
There is the canonically defined connection in the bundle tt]^ : Jx(tt) X 
whose horizontal distribution splits 

as the direct sum oj subbundles - horizontal lifts of distributions K,K'. 

In the case of partial 1-jet space Jgiir) where we have the natural product struc- 
ture < dt > (BT{B) similar result is valid for a connection ly on the bundle tt 
provided the parallel translations by the lifts of vector fields from X^g^yQrp(^g'^{X) 
leaves the fiber product structure (5.6) of the bundle tt : Y ^ X invariant. It is 
easy to prove the following 

Proposition 15. Let v be a connection on the bundle -k : Y X such that the 
fiber product structure Y — Yq Yt y. Yx y~ Y^t is invariant under the v-parallel 

XXX 

translation. Then there is the prolongation of v to the connection Vg in the bundle 
TTg : Jg{TT) — > X such that the parallel translation with respect to preserves 
the fiber product structure Jg{n) — 0(Yo) x Jf{Yt) x J^(Yx) x J^(Ytx). Horizontal 

distribution of this connection splits 

Hsiiy's) =< dt ®T{BY 
as the sum of two distributions - horizontal lifts of sub- distributions <dt>, T{B) 
respectively. 

Remark 14. Connection is the fiber product of the connections in the four 
bundles in the decomposition J gin) = 0(yo) x JtO^t) x JxO^x) x J^{Ytx) over X. 

First component of this product is the component of connection ly in the bundle 
Yq ^ X itself - no prolongation is necessary for this bundle. 

In the future will need the following result allowing to lift a connection v q^, : 
Y in the bundle tt to the vertical part i> : J^(7r) J^{J^{n)) of the 

second order connection on the bundle tt^ that defines the connection on the bundle 

^lo: J^W-^r. 

Proposition 16. Proposition 2.6.1) Let T be a symmetric linear connection 

on X and ly : J —> J^{tt) be a connection in the bundle tt. Then there is an 
involution sr ■ J^{J^(tt)) J^(J^(7r)) over J^{tt) such that composition 

i>r ^ sroTiy : J^n) ^ j\j\Tr)), (8.8) 
given in local coordinates by 

z>r = dx^ ® (5,. + L\dy. + [dx^Ll + yidy^Ll + F^^''(yt - Li)]d,0 (8.9) 
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Connection v allows to extend the vertical 1-form 9c G r(y(7rio)*) to the 1- 
form on the whole space (tt) assuming that it annulate the horizontal subspaces 
Hor{v) C nJliir)). 
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Chapter III. Constitutive Relations and Balance Systems. 



Below we will use the notation = Jp{Tr) that unite the following special 
cases: RET, where Jp(7r) = {0} is the trivial (with the one point fiber) bundle 
over Y; Zk = Jxi'n) for a subbundle i^T in a AP-structurc T{X) = K ® K\ case 
Zs = Js{t^) for a splitting S of the field bundle (see (4.5-6)),'; finally Z — J^{tt) - 
full 1-jet bundle. We will be using both longer and shorter notations whichever is 
more convenient at a point. If we consider a prolongation ^ ^ of a vector field 
^ G X{Y) to the partial 1-jet bundle, we will always presume that the vector field 

satisfies to the conditions for the existence of the prolongation preserving the 
partial Cartan structure (see Section 6). 

9. General Constitutive Relations (CR). 

In this section we define general constitutive relations and the Poincare-Cartan 
forms defined by these relations. We also give examples of several types of consti- 
tutive relations. 

Consider the following (constitutive) commutative diagram 

Zp = Jl (;r) ^(n+l)+in+2) 

Zp = j},{n) z = A("+^)+("+^)(r)/A("+i)+("+^)(r) 



"0 



Y = Y 



(9.1) 



X = X 

Definition 14. (1) A (general) constitutive relation (CR) C of a field the- 
ory with the configurational bundle n : Y ^ X and the partial 1-jet space 
Zp = Jp (it) is a smooth morphism of bundles over Y 

C : Jli-K) ^Z = A("+i)+("+2)y/A("+i)+("+2)y. 

In local coordinates (x^, y^, zj^) on Jp (tt) and [Pi ,qi) on Z a CR-mapping 
C has the form 

C(a;^ y\ z;) = (x^ y'; F/'(x^ y\ 4); n,(x^ y\ z;)) (9.2) 

(2) A general constitutive relation C is called regular if the mapping C is the 
diffeomorphism of Zp onto the submanifold of Z. 

(3) A covering constitutive relation C of the field theory with the configurational 
bundle tt : Y ^ X and the partial 1-jet space Zp = Jpin) is a smooth 
mapping of bundles 

(7: Jpi(7r)^A^"+'^+^"+%. 
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In local coordinates (x^, y', z^) on Jp (tt) and {p,Pi, qi) on A2+^(y)®A2+^(y) 
a CCR-mapping C has the form 

C{x^,y\zl) = (a;^2/^p(a;^2/^4);i^/'(ar^t/^4);^,(a;^y^4)) (9.3) 

(4) A constitutive relation C ( respectively a covering CR C ) is called a conser- 
vative relation ( CR) (resp. a covering CCR) if Hi = Q,i = 1, . . . , m. 

(5) For a given constitutive relation C denote by C_ the constitutive relation 
obtained from C by the changing sign of the production ({n-\-2)) part: 

C_(x^y^z;) = (9.4) 
Remark 15. Physical case corresponds to the choice n = 3. 

Remark 16. Definition given here is very broad, including, in particular, a zero 
mapping. Thus, to get a useful class of constitutive relations one has to put some 
nondcgcncracy conditions to this mapping including but not reducing to the regu- 
larity of a CR defined above. 

Remark 17. We can also define constitutive relations defined in a domain U <Z Zp 
instead of the whole space Zp. This may be necessary in a situation where some 
constraints in the from of inequalities on the derivatives of the fields are present. 

Example 6. In the maximal (RET) case U = Uq, the partial 1-jct space Jp(7r) 
coincide with Y (its fiber is a point R°) and the constitutive relation is just the 
section of the bundle Z ^ Y. Asjwe will see in the next section it is convenient 
and natural to consider the CCR C for the RET constitutive relation C defined on 
the full 1-jet bundle Z of the bundle tt (formally we could take it have rj-component 
zero, but it would be a less convenient choice). 

We have the following simple 

Proposition 17. (1) Constitutive relations (and the covering constitutive re- 
lations) form the C°° {Jp (it)) -module CTZ and CTZ respectively. 
(2) Let C £ CTZ be a CCR, then combining the defining mapping C : Jp(7r) — > 
^(n+i)+(n+2) j-y-j ^^^^ projection by A^"~''^-*^^"'~''^-*(y) we associate with 
a CCR C the constitutive relation C G CTZ. 

Using the canonical forms on the bundle \'^~^^^~^^'^~^^^Y we define the Poincare- 
Cartan form of the covering constitutive relation C 

= C*(e^+i + e^+2) =pr] + Ftdf a r;^ + Uidy' A 7]. (9.5) 

Definition 15. Canonical linear mapping : CTZ CTZ (section of the projection 

above ) is defined by the form,ula 

(C){z) = {x^,f; -ziF^{x^,y\ z^y^Ftix^^, y\ z^); ^,(a:^ y\ z^). 

CCR C will be called the lifted CCR of the constitutive relation C. 

For the lifted CCR C of a CR C defined in the full 1-jet bundle Z = J^n) we 
have 
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= Sr^iFtdzi) = -z^Ftv + Ftdy' A r?^ + Uidy' A r?. (9.6) 

Here S.q is tlie vertical endomorphism (3.1). Notice that we get the same result 
by applying the vertical endomorphism to any 1-form A € A^(Z) of the form A = 
F|'dzl + F,dy' + Ff,dx^'. 

Definition 16. Let v he an Ehresmann connection in the bundle tt : Y ^ X . Let 
C be a general constitutive relation. Determine the v-lift Cv of constitutive relation 
C by section K : Z ^ A(n+i)+(n+2) ^^gg (3.20), Sec.S) 

C^z) = {x^,y';TlF^^{x^,y\zly,Ft{x^,y\z;y,U,{x^,y\zl)). 

Taking the puUback of the canonical form Q„ on the bundle Z we get the u- 
induced Poincare-Cartan form of the constitutive relation Ci, 



e 



ri+2\ 



{FtK)v + Ftdy' A ry^ + W A V- 



(9.7) 



It is the special case of the following construction. 



Remark 18. Below (Sec. 12) we show that an action of a transformations on the 
Poincare-Cartan form 6c corresponding to a CR C produce an additional term of 

the type Arj. As a result for the compatibility with the action of transformations 
one have to consider the classes of Poincare-Catran forms <dc - their images in 
the factor bundle A^"+^^+*"+'Vp('^))/Ai"+^^^^"^'Vp (^)) rather then simply the 
forms on Z. 

Remark 19. Equivalent definition of the general constitutive relations can be given 
in terms of section of the corresponding bundles: 



<(A^"+'^+("+'¥/Ai' 



(ti+1) + (ti+2) 



Y) 



TTi („ + i) + („ + 2) 



Z = A. 



(n+l)+(n+2) 



y/A 



(n+l) + (7i+2) 



Y 



'r(n+l) + (n+2) 



'r(„+l) + („+2) 



Y 



X 



(9.8) 



Then we can use the following 



Definition 17. A (general) constitutive relation C of the field theory with the 
configurational bundle i: : Y ^ X and the partial 1-jet space Zp = Jp{ir) is a 
smooth section C of the vector bundle '^*n+i)+(n+2) ^^'^ diagram above. 

In the local fiber coordinates {x'^, y\ zjj a section of the bundle 7r^^_|_^j_|_j.^_|_2-) has 
the form 



C(x^ y\zD = Ftdy' A + Ilidy' A rj^, 
where F^,Ili are functions on the space Jp{Y). 



(9.9) 



Below we list several types of the constitutive relations that are widely used in 
physics and continuum mechanics. 
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Example 7. A Lagrange constitutive relation defined by a smooth (Lagrangian) 
function L G C°°{Zp) is given by the mapping: 

c,{x>^,f,^;) = ip^ = —;n. = —). (9.10) 

Correspondingly, a covering Lagrange constitutive relation is defined by a 
smooth function L G C°°{Zp) giving the mapping Zp — > 

^n+(n+l)y 

BT r)T f)T 

^^(^"'^ '^^) = (P = -.;^,pr = ^;n. = -). (9.11) 

Notice that the covering Lagrange relation defined here does not coincide with 

the covering CR defined by the Lcgcndrc transformation of the Lagrangian Lrj. 
Relation between these two covering CR will be studied elsewhere. 

Example 8. A semi- lagrangian CR is defined by a smooth function L G C°°{Zp) 
and an arbitrary functions Qi G C°^{Zp),i = 1, . . . ,m: 

CL,QA^^,y\z^^) = {p'i = ^;n, = Q,(x^y\^;)). (9.12) 

Remeirk 20. In a case when the domain of C is a partial 1-jet bundle Zp = Jp{n) 
the component F^^ of CR C is equal zero if the derivative is absent from the 
fibers of the partial jet bundle Jp{n). In the case of RET semi-Lagrangian CR is 
trivially zero. 

Remeirk 21. For a semi-Lagrangian CR there exists natural - Lagrangian lift to 
the CCR: 

dL 

Cl,q = {L- zlL^,i^Jr] + -^dy' A t?^ + Qidy' A r?. (9.13) 

It will be used below for formulating corresponding Noether Theorem. 

A very important example of a semi-Lagrangian CR is the following 

Example 9. L -|- D-system. Let L be a smooth function L G C°°{Zp). Let the 
time derivatives Zq of all basic fields belong to Zp and let D G C°°{Zp) be one more 
function (dissipative potential). Define the constitutive relation Cl,d that differs 
from Lagrangian CR Cl by the condition Ilj = L^yi +D^^i. Thus, the corresponding 
Poincare-Cartan form is 

eL,D = QL + D,.Jy' AT]. (9.14) 

Example 10. Vector-potential CR. Consider a RET case. Let h = h'^{x,y)r]fj, 
be a semi-basic n-form on Y. Define a constitutive relation by the formula 

C„(x^y^) = (pf = —■Il, = Ui{x,y)). (9.15) 

This is the case of the dual formulation in terms of Lagrange-Liu variables (y* 
replaces the A* here), see Sections 15 and 17 below. 

Example 11. One can combine Semi-Lagrangian and vector-potential examples 
into the following one. Let L,Pii, i = l,...,m G C°°{Jp{n) and let Let h = 
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h'^{x,y)rifi be a semi-basic n-form on Y. Define a constitutive relation by the 
mapping 

C,,(a;^y^^;) = (pf = L,. + a^'"' = ni(a;,y))- (9-16) 

Example 12. For the 5F-fluid system (see Sec. 2 above) with the trivial bundle 
Y = X y. ^ X and the basic fields (p, the constitutive relations define 

and are defined by its Poincarc-Cartan form 

= [pdp A ??o + pv^dp A -qB] + [{pv^)dv'^ A 770 + {pv^v^ - t'^^)dv^ A r]B] + 

+ [ped^ A r?o + {peV^ + q^)d'& A tjb]] + [fAdv^ A 7? + ti^d^ A 7? + r]. (9.17) 

In the simplest case of — fluid system considered in Sec. 2, the state space rep- 
resents the fiber of the bundle tt^ : Jg{-K) X where = {p}, = {v^, 'd},St = 
Stx = 0. Thus, only derivatives of velocity components and of temperature by spa- 
cial coordinates are present in the 1-jet fiber of the state space. State space S 
itself is the fiber bundle over the basic fields space U: g : S ^ U. 
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10. Balance System Be defined by a Constitutive Relation C. 

In the Lagrangian Field Theory the Poincare-Cartan form Ql appears in the 
second term of a local variation in the direction of a vector field ^ G X{J^{tt)) 
obtained by the variational version of the Cartan formula L^{Lr]) = {i^d + di^){Lri) 

SdL7l){j\s)) = ji *(s)[*ee(i)(,s) + di^SLiz)] (10.1) 

see [TT]. Here s e r(7r) is a section of bundle tt. 

The semi-basic n + 1-form e{L) S A"+^(J^(7r)) is the Euler-Lagrange form and 
the Euler-Lagrange system of the field theory with the Lagrangian L for a section 
s has the form: 

ji*(s)z5e(L) = 0, Ve (10.2) 
In its turn, the form 8l is the Poincare-Cartan form (4.3) and the same Euler- 
lagrange system of equations is obtained by (4.6) 

*{s)di^eL{z) = 0. (10.3) 

For a general constitutive relation (9.2) and the corresponding Poincare-Cartan 
form Qc we have an analog of variational formula (10.1) given by Cartan formula 

L^ec = tidec + di^ec- (10.4) 

Thus, we can try to formulate the balance laws corresponding to the CR map- 
ping C by following one of two ways suggested above. We can take the puUback 
via jp *{s) of the first or second term in (10.4) and request it to be zero for a set of 
variation vector fields large enough to separate the balance equations correspond- 
ing to the CR C. Yet, as we see below, both of these cases meet some interesting 
restrictions. In order to get the balance equations the variations ^ should satisfy 
some conditions defined by the F/'-part of the constitutive relation C. More specif- 
ically we should have m linearly independent vector fields ^ in order to extract all 
m balance equations from the invariant formulation of the type (10.2) or (10.3). 
Locally this is always possible but still leads to some restrictions to the type of 
variations. We will see that there is a way around this difficulty if one uses in CR 
version of the formula (10.2) the reduced horizontal differential d (comp. |21j or 
Appendix IV) instead of the conventional De-Rham differential d. On the other 
hand studying these restrictions we will determine the special place of the semi- 
Lagrangian constitutive relations in between the general CR - these are CR defined 
on the full 1-jet bundle J^(7r) for which there are no limitations for them on the 
nature of variations vector fields. 

10.1. Poincare-Cartan formulation of a balance system. We assume that 
a connection ly : Y ^ J^{'^) is fixed. We start with the Poincare-Cartan way 
of obtaining the balance equations and for this we take an arbitrary vector field 
^ S X{Zp) locally having form 

^ = e^a,. +f9,.+e;9.., (10.5) 

and plug it into the (j/-dependent) Poincare-Cartan form Oc_^ 



H^c. = iFn'^)i^Vx + FtOl^ - FtCdy' A r^^, ~ n^^df A r;^ + [Ti^CW (10.6) 
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Take the vector field ^ vertical, i.e. assume that = 0, /i — l,...,n+ 1. 
Then any addition of a term of the form h{z)r] choused by an adopted change of 
coordinates or by another choice of a connection v will be eliminated and the result, 
ij0c is defined canonically. 

Now we apply the I-difii'erential d 

FtCdf A {{d,^XG)Vf^ - (SxMAG)r?.) - {miv + m^'dy' A ?7^. (10.7) 
Thus, requesting the vector field ^ to be vertical (i.e. putting = 0) we get 

di^Qc = d{Fte) A 7?^ + {Fted..XG)v - (n^f )?? = 
e{Ft,..V + F^^y, dyi A j?^ + F^^, dzt A rj^) + (i^'^f^.. Ac)?? - n.fr? + Ff^d^' A t?^. 

(10.8) 

Applying now the pullback by the 1-jet jp{s) of a section s G r(7r) and using 
jp* is) [Ft^y^ dyi A r?^ + i^^, dzl A r?^] = i^^, sf^ry + i^^, si^n, 

we get 

jl *{s)di^Qc = cmojlis)),^. + Ftid^.Xc) - n. o jI{s)]^+ 

+ Ft o jlis) (e> + C,y.s',,j^ + V (10.9) 

In the right side in parentheses stays the pullback by j^{s) of the total derivative 
df^^ '■ — S^^^^f, + z'^^S^'^yj + ^^i^C^j of a component of vector field ^* along section s 

by a;'* contracted with the form F^: j^*(s){Fl'di_,C)V- 

In order to extract the balance equations from the invariant form of variational 
principle obtained by equating to zero the obtained expression we have to require 
the second term in (10.9) to be zero. Thus, vector field (, should satisfy to the 
additional condition that is explicitly formulated in the next definition. 

Definition 18. (1) For a constitutive relation C (or, more precise, for current 
form F = F^dy^ A 77^ G AJ^Z/AfZ) denote by X{C) the sheaf associated to 
the pre-sheaf of vector fields over Y that for an open set U <ZY consists of 
vertical vector fields e r{U,V{'K)) whose flow prolongation = Cdyi + 
{d^SJ')dzi satisfies to the condition ( S}' ^ = ) 

FDtviC) = F^df^e = (10.10) 
in U. Vector fields - sections of the sheaf X[C) will be called C- admissible. 

(2) A constitutive relation C with the current form F is called locally separa- 
ble if each point y € Y has a neighborhood Uy such that there are m vector 
fields in the space of sections T{Uy,X{C)) linearly independent at each 
point yi G Uy. 

(3) A constitutive relation C is called separable in an open subset W C Y 
if there are m vector fields T{W, X{C)) linearly independent at each point 
ofW. 
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Having introduced these notions we can now formulate the Poincare-Cartan ver- 
sion of the variational principle for the balance system with the domain (tt) and 

the constitutive relation C . 

Definition 19. Let C he a constitutive relation with the domain Jp(7r). We say 
that a section s : Us ^ Y of the bundle tt :¥ ^ X, Us being an open subset in X, 
satisfies to the balance system (system of balance laws) defined by CR C if 
for all C-admissible vector fields ^ e '^(C')l7r-^(i7s) (^*-^- ^^^'^ 

dijlisn^Qc)) = jlisTidi^ec)) = 0. (10.11) 

Here d is the Iglesias differential of a (n-|-(n-|-l))-form on X (see Appendix H). 
In simple terms 

Let z £ Zp and let V C X be a neighborhood of the projection x = Tri{z) G X 
over which the bundle Y is trivial Y\v ^ V x U and C i7 be an open set such 

that V X W is the neighborhood of the point y = 7rio(z). We may assume that V 
and W arc domains of adopted chart {x^,y^). Vector fields — dyj G T^(7r)|vxW 

have the property that in this local chart = in 7rj^^(F x W). Therefore these 
TO vector fields in X(V" x W) arc C-admissible for any constitutive relation C with 
the domain in Jp{n) for all four choices of partial 1-jet bundles (see Proposition 
10b and Theorem 1 for the case of J]^{-k), Proposition lib for the case of Jg(7r)). 
As a result we get 

Proposition 18. Any constitutive relation C is locally separable. 

Globally defined C-admissible vector fields have an important meaning for the 
balance system Be (sec next section). In the next section the case of a special situ- 
ation will be described, for some type of the bundles tt a natural class of to linearly 
independent globally defined vertical vector fields ^ S X{Y) that are admissible for 
all CR C. Now we formulate the main result of this section in the Poincare-Cartan 
formulation. 

Theorem 2. If a constitutive relation C is locally separable, then the following 
statements for a section s e r(7r) (£>«), Dg c X are equivalent: 

(1) 

djl *{s)hOc = il *(s)di^ec - 0, for all ^ e X(C)\d^, (10.12) 
(2) Section s is the solution of the following system of balance laws - balance 
system: 

{Ft o jlis)),,, + Ftid^.Xc) ='ni{jl{s)), i = l,...,m. (10.13) 

Proof. It is clear that (1) follows from (2). If (1) is true, choose m (local) linearly 

independent vector fields € '^{C) in a neighborhood of a point x E X. Then, 
for such (locally defined) vector fields ^ the last term in (10.9) is zero and we get 
the system of linear equations 

a(AmiFtojlis)),,,. + Ftid^.Xc) - n. o ji(.)) = 

at each point y in a neighborhood of the point x for i unknowns {Ff ° jp(s)),a;A» -|- 
Fti^xt^Xc) — Hj o jp{s) in the parenthesis. By the condition, matrix Chi^i^)) of 
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this system is nondcgcncrate, so system has only zero solution. Being true in a 
neighborhood of any point a; G X, (2) is true in all X. □ 

Below the balance system system (10.13) will be refereed to as the -k. 

Example 13. For a Lagrangian constitutive relation (See Example 3) the balance 
system (10.13) takes the form 

°^p(-))^- + ^ ° J-^(-)(5..Ag) = ^Ms)\ (10.14) 

or 

+ ^ °^-^(^)a^A.) - -Ulis)) . 0, 

i.e. is the system of Euler-Lagrange equations for the Lagrangian form Lrj. Here 
\G^ln{\G\). 

Example 14. L + Z?-system. For a, L + Z?-system where the Poincare-Cartan 
form is 

Ol.d = Ol + D^.dy^ A77, 
the corresponding balance system has the form 

r) Fit Fit fit fid 

This system has the form of Euler-Lagrange equations with the dissipative Rayleigh 
potential D (see ([30])). 

Example 15. System of conservation laws. If we take Hi = in the con- 
stitutive relation C then the balance system takes the form of the system of 
conservation laws 

{Fto3l{s)).^=0. (10.16) 

10.2. Euler-Lagrange formulation of the balance system. Now we will see 

what happens if we apply the standard order i^d of operations that is used in the 
Lagrangian Theory (10.2) to the lifted Poincare-Cartan form of the consti- 

tutive relation C (see ()), or, more generally, to an arbitrary covering constitutive 
relation of the form 

= pry + Fl'dy' A r/^ - U.dy' A 77. 

We reversed the sign of the source term in the Poincare-Cartan form to compen- 
sate for the different order of operation of contraction and applying the differential. 

Doing these calculations we will be repeatedly using the relation between the 
contact forms of partial contact structures on Zp and the differentials of basic 
variables (see Sec. 4): 

and the total derivative d^, on Zp (see Appendix IV), or, more exactly, on the 
j\Zp) = J2(^) 
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For a given section s &Tv{7t), V C X we request the fulfilment of the equation 

/(s)*Me^_) = o (10.17) 

for large enough family of (locally defined) vector fields ^ G ^{^p) (not necessary 
vertical with respect to the projection tt^ : Zp ^ X) guarantying the sections s to 
be a solution of the balance system of m independent balance equations. Remark 
that vector fields for ^ G V{tt) in the first subsection above are a special case of 
considered vector fields (for ^ e V(7r), = £,-'dyj + d^^^d^, )• 

Thus, we take the (n + 1) + (n + 2)-form of the form (9.5) and apply first 

the Iglesias differential d and then for a vector field ^ = ^"di, + ^■'dyi + C^^^i^. 

We will denote by Con an arbitrary contact forms that appears in calculations. 
Assuming the summation by repeated indices agreement we recall that only z^^ or 
derivatives by these variables with (/x, i) G P are present on the formulas. 

We get, using that d??^ = Ag,^?7, 

ijJe^_ = ii[d{pr] + Fi'dy' A iq^) + Uidy' A ??] = 

[dp A r? + dff A dy' A t?^ - ff dy' A dr)^ + ILidy' A 77] = 
{^dp) AT] -dp A i^T] + (^ • Fpdy' A r?^ - f dJf A 77^ + dFj" A dy' A i^r]^- 

- F^XgACv - A i-^rf) + ^iCn - ^idy' A i^rj = 
= (C • P)V + (C • Ft W + zidx^ A 77^ - CdFt A r?^ - eFtXG,f.V + C^V' 

-dpA i|77 + dFf A {oj' + zldx") A i^rj^, + \G,,,Fl^dy^ A i^rj - Ui (w* + zldx") A i^r]] = 

(10.18) 

Now we are using the fact that dFf^ = {di,F!^)dx^ + Ff^yjLj^ + F'^ and, similarly, 
dp = dudx" + Con and continue 

= (? • P)V + (e • Ft)zldx- A 7?^ - Cd.Ftdx'' A r;^ - ^Ft^c^V + e^^V+ 
+ l-d^pdx" - U.zidx" + Xc^t.F^zldx"] A i^r] + {d^F^dx" A z\dx^ A ij-77^ + Con = 

[^•p+(^-F/')4-ed^j;^-eFfAG,^+rn,]77+[-d.p-n,zt+AG,Mi^^4]rf2;-Ar^.+ 

+ {d^Fl')dx'' A z\dx^ A ^''rji^cr + Con = . (10.19) 

Now we will use the formula (16.5, Appendix I) for dx^ A 77^^ from which it will 
follow that if 1/ = /X, A = (7, then dx'^ A dx^ A rjficr = r] and when v = a, X = fi, then 
dx'^ A dx^ A rjna = —77. Using this in the last term in the previous formula we get 

{d^F^dx-- A zldx^ A r»7/.a = Kd^Fl^^r - 4edaFt]v. (10.20) 
Using this result we continue 
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+ z^d^FtC - zl^d^F^V + Con = 
= {^<P + ^lFt)~e,Ft~Cd^{p + z;Fn+ezl,Ft+Czl[d,Fr + XG,,Ft-U,]- 
- CKFt + Xa.^^Ft - n,]}77 + Con = 

(10.21) 

We notice now that for a function / G C°°{Zp), hfted to the partial 2-jet bundle 
J^M, ^-f-^^dj = (e -r 4)9,- /+ (C /. starting from this moment 

we assume that all the forms are lifted to Jp{n), vector fields are flow prolonged 
there (we will see that our considerations do not depend on this prolongation). 
Applying this for f = p + z^^Fj^ we see that the expression in figure brackets is 
equal to 

(r4-r)MM^r+AG,M^^r-n,]+(r4.-c)^r+(r-r4)9,.(p+z^^;'^)+(c-r4.)9,.(p+. 
= (r4-e)MM^;''+AG,M^^/'-n.-a,.(p+z^F,n]+(r^;.-e;)[^^/'-9..(p+4^;"^)]- 

(10.22) 

Thus, we get, finally 



-{(r4-r)MM^^r+AG.pf;'^-n.-a,.(p+z^^;n]+(r4.-C)[^r-9^ib+4^'')]}'7+t^o« = 
~c.X0K^r+AG,M^'-n,~a,.(p+z^F,"^)]-..;(0[Ff~a,.(p+z^^;n]h+Co7.. 



(10.23) 

Here 

W ^ df -Y.^^^^-^^pzldx*' , 

are generating (partial) contact forms on the bundle J^(Jp(7r)). 

Remark 22. Notice that the quantities Qi ~ a-'*(^) = — zj^^^ form the charac- 
teristic of the vector field ^ = C^'c^^i + C^yi, see [41], Ch.2. 

These arguments proves the following 

Proposition 19. Let C be a CCR defined in a domain of the partial 1-jet bundle 
Zp. Then, for any ^ G X[Zp), 

t^de^_ = -Lui{0-io^{0, (10.24) 

where 

fcl (0 = u;\0[d,Ft + XG,,Ft - n, - dy.ip + ziF^)], 

HiO-Ei,,)epiFt-d.,^ip + zlF;'))^liO ^ ■ > 

will be called respectively as the first ('Euler- Lagrange J and the second contact 
forms of the covering constitutive relation C. 
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Remark 23. Calculation leading to the last Proposition is valid in a case of a 
covering constitutive relation depending on the derivatives of higher order. Such a 
CCR, which we write, for (formal) simplicity as defined on the infinite jet bundle 
of the bundle tt (see Appendix IV or [ITl [211 liT] : 

C : J°°(7r) ^ A("+i)+("+2)(r) 

but depending on derivatives of order ^ N defines in the same way the Poincare- 
Cartan form 0^ and we can formulate the balance system in the same way, pos- 
tulating the fulfillment of the equation j°°{s)*{i^dQ^ ) = for variations ^ G 
A'( J™'^*^(7r)) in the number sufficient for separating the balance laws. Using the 
corresponding properties of higher order contact form lo\ = dz\ — 'Y^^^ z\_^^dx^ ^ A 
being a multi- index and total derivatives (see Appendix IV), for instance, 

d4 =uj\ + Con, (e - eda) ■ f = u;\Oly. +5^^1(0/,.^, 

A 

we get the result similar to (10.24): 

i^de^^ = -LuliO - ^U^) + E <{Od.xiP + z;.Ft). (10.26) 

A||A|>1 

It follows from this that for the CCR C of a constitutive relation C of higher order 
where p + z^^F^ = no new limitations for the admissible variations ^ beyond those 
considered here will appear. More detailed study of constitutive relations of higher 
order will be done in the continuation of this work. 

Remark 24. Equality (10.23) contains the jet variables of the second order z^^. 
Yet, only with (/Lt, i) G P are present in the formula (10.23)! For instance 
in the RET case all these terms are absent from (10.23). 

In order that the equation resulting from taking the puUback by j^(s) would 
not depend on the variables not in Jp^n) we require that all the coefficients of 
these variables would be zero. This leads to the strong conditions to the admissible 
variations ^. 

Proposition 20. Let C be a covering constitutive relation. The following properties 
1),2) are equivalent 

(1) Second contact form of CCR C is identically zero: 

u;^^Ft~d,_.^{p + zlF;')cjl^O, (10.27) 

(2) Locally 

Ft = 9,. £, L e C°-iZp), 

i.e. CR C is (locally) semi-Lagrangian. 

(3) If properties 1),2) are fulfilled, then 

p = L- z'^d^j^L + l{x,y) 
with an arbitrary function l{x,y). 
Proof. Rewrite the first equality as 

5,.p = -z;5,.i^f. (10.28) 
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Right sides of these equaUties satisfy to the mixed derivative test 

or d^j = d^i^F^. From this equahty vahd for all couples of indices (j, A), 
the second statement follows. 

To prove the opposite - reverse the arguments. 

□ 

Theorem 3. Let C^^n be a semi-Lagrangian CR: F^ = L . Let Cl,yi be a CCR 
coveringC and such thatp = L — z^^dzi^L + l{x,y) with some function l{x,y). Then, 

(1) Equality 10.23 takes the form 

HdQ^^^ _ = -Lj\^)[d^L^,i^ + Ac^i.^ - Hi - dyi{L + l{x, y))] + Con. 

(2) Following statements are equivalent 

(a) For a section s G 7(7r) and for all £ X{Zp) 

ji(,s)*z>Je^^^_=o. 

(b) Section s is the solution of the system of balance equations 

(L,,. o + (Ag,m ° s)^,.;. ° Jp(s) = Hi o + lix,y)). (10.29) 

Proof. Proof of the first statement follows from the equation (10.23) if we substitute 

Ft ^ d,, L. 

Equivalence of the statements in second part follows from the fact that when we 
will apply the pullback by the 1-jet section jp{s) of the bundle ir^ : Zp ^ X to the 
equality in the first statement of Theorem, contact form vanishes and from the fact 
that locally there always exist m linearly independent vector fields such that the 
m X m-matrix a;*(ife) is invertible. □ 

Corollary 2. Let Cl,ti be a semi-Lagrangian CR: F^ = L^i^ . Then, 

(1) For Hi = l{x,y) = the balance system (10.29) takes the form of the system 
of Euler- Lagrange Equations (10.14). 

(2) For Ili = — dyi{L + l(x,y)), the balance system (10.29) takes the form 
of the balance system if with the source term U.jdy^ A r}. 

Consider now the case of a RET constitutive relation C -.Y ^ Z and a CCR C : 
covering C (i.e. having the same (l,n)- and (n+2)- components but an arbitrary 
(O,n+l)-component p{x,y), with the Poincare-Cartan form 

0(7 = W + F^dy^ A 77^ + nidy^ A 77. 
Following the arguments leading to the basic relation (10.23), namely continuing 
with the first equality in (10.21) we get, due to the independence of C on the jet 
variables 

i^de^_ = (f -4^-)ni+(-e+4r)(rf^f;''+f;''AG,^)+(ep-rrf.P)+4(^-'p^f-rrfaf;'')+con = 

= (4r - eXd^Ft + F^Xg,^ - no + cj'iOdy. {p + z^Ff) + Can = 

- w'iO [d^Ft + FI'Xg,^ -Hi- dy. {p + zlFt)] + Con. (10.30) 
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Here we have used the fact i ■ p — £,^duP = y' + S.'^P.x" — S,'^{p,x'^ + z^p^yi) = 
(e - zUndy^P = oj'iOdy.p and, similarly, zj^i^ ■ Ft - ^d^Ft) = z],u:i {oK' 
(we remind that in the RET case all functions depend on [x, y) only). 

If we take (7 = C to be lifted CCR then the term dyi{p + zj^F^) vanishes and, 
using the Proposition 18 above we finish the proof of the following 

Theorem 4. Let C be a constitutive relation of the RET type and C - corresponding 
lifted CCR. Then the following statements are equivalent 

(1) For a given section s e r(7r) and for all ^ e X{Y) 

s*{i(^dQ^_)=Q (10.31) 

(2) Section s is the solution of the balance system if. 

Consider now the general case but take p + z^F^ = i.e. consider C = C to 
be the lifted CCR of a CR C (see previous section). Then equality (10.23-24) takes 
the form 

Je<5_ = {(r4 - 0[d^Ft + Ac^Ff - Hi] + (r4<. - 4)i=^nr? + Con (10.32) 

Taking the puUback of equality (10.23) by the 1-jet j^(s) of a section s € r(7r) 
we get 

j\s)H^d@^_=j\s)%{ezl^-QFt)n+3\srrzi-C)[d^^^ 

(10.33) 

Equating this to zero we see that if we want the ^-weighted balance equation 
ii(s)*(r4 - C)[d^.Ft + XG,..Ft - n,] = 

to be true for a section ,s under some conditions independent on section s (i.e. 
independent on the zj^^l) we have to require that for the vector field ^ used for the 
" variation" 

^Uo = iczi„-^i)Ft=o. 

Since Ff^ and ^ do not depend on is z^^„ vector field ^ should be such that = 
for (7 such that for some i (a, i) E P (this is trivially true if is tt^- vertical). 

Then the ^-weighted balance equation for such vector field ^ will be fulfilled if 
and only if (s)* (C^Ft) = and, for s-independent condition we have to require 
C^F^ = 0. This brings us to the extension of the condition FDiv{^) = to the 
space of all 7r^-vertical vector fields (see above) 

Definition 20. (1) A vector field ^ G X{Zp) is called P-vertical if = for 

a such that for some i (tr, i) G P. 

(2) A TTio-projectable P-vertical vector field ^ e X{U),U C Zp is called C- 
admissible if J2{ii.i)eP ^l^t = inU. 

Denote by X{C) the sheaf generated by the pre-sheaf of the C-admissible 
vector fields in Zp. 

(3) A constitutive relation C is called separable in U if the space of projections 
to Y of the space of C-admissible vector fields in U has, at each point i^iq{U) 
dimension m. 
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Remark 25. Flow prolongation of the C-admissible 7r-vertical vector fields 
S, £ X{Y) is a special case of C admissible vector field ^ e X{Zp). Notice, though, 
that while the condition Fj^Cfi is linear algebraic for a general vector field ^ S X{Zp), 
it is differential for the lifts of vector fields ^ £ A'(y) (see next section for 
examples of specific forms of these relations). 

Example 16. Let Zp = J^g^-^{T^) be a partial f-jet bundle defined by the distri- 
bution < dx >■ In other words we assume that a constitutive relation C depends 
on the spacial but not on the time variables of the fields y*. Then a vector field 
^ is P-vertical if — A — 1,2, . . . while component 5° corresponding time 
derivative dt may be arbitrary. 

Thus, previous arguments proves the following 

Theorem 5. If a constitutive relation C is locally separable, then the following 
statements for a section s € T{tt){U), U <Z X are equivalent: 

(1) 

i^{s)*{i^dQ^_) = for all ^ G X{C\u). (fO.34) 

(2) Section s is the solution of the following system of balance laws - balance 
system: 

{Ftojl{s))^,.+Ftojl{s){dx.\G) = n.(ji(s)), i^l,...,m. (★) 

fO.3. Reduced horizontal differential formulation of the balance system. 
Recall (see [211 US] or Appendix IV) that the reduced horizontal differential d acts 
from J'=(7r) to J^+'^{tt) for aU k by the formulas (20.9-10). 

Now, let us postulate the balance system corresponding to the CR C_ in the 
form 

3l*{s)i^ihc_^0, (10.35) 

for all variations ^ G X{Zp). 

Notice that the additional term in 0^^^ of the form h{z)rj produced by an arbi- 
trary transformation by an adopted transformation (p G Aut^ir) will be eliminated 
by applying the reduced horizontal differential d (see formula (20.9-10), Appendix 
IV) from which it follows that d{qri) = 0), so that this equation is independent on 
a choice of representation of the Poincare-Cartan form 8c- 

We have, for any vector field ^ G X{Zp) 

i^dQc- =ze[d(Pfrfy*Aj;^)+n,dy'A77] =zJ-(d^Pf)dy*A77-J^''dy*AJ?7^)m:d2/*A7?] = 
= zc[(-d^P/' - F^Xg,x^ + n,)dy' A 77] - C[-d^F^ ~ Pf Ag.x. + 

- ei-df^Ft - F^\g,x. + Il^W A r,^, (10.36) 
since drjp^ — Xg.xi^V- Now we take the puUback by the section jp(s) and get 

ijec_ = i-d^Ft - FtXcx. + n,](f - es]^)fj (10.37) 

Requiring (10.35) to be fulfilled for all vector fields ^ G X{Zp) we guarantee 
the possibility to have, for a given section s an m vector fields ^ such that for their 
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component + ^^9^^ the differences — C^.s'^) are linearly independent in a 
neighborhood of any point x ^ X (we actually can choose these vector fields to be 
f-jet prolongations of vector fields ^ e X^{Y)). Therefore, the condition (10.35) 
will be fulfilled for all vector fields ^ G -^{Zp) if and only if the balance system of 
equations if 

jl *is)[d^Fl' + FtXc,.^] = liiUlis)), i = l....,m 
is satisfied by the section s. Thus, we get 

Theorem 6. Let C be a constitutive relation. For a section s G r(7r) the following 

statem.ents are equivalent 

(1) For all vector fields ^ e X{Zp), 

jI *(s)^5lJec_ =0. 

(2) Section s is the solution of the balance system if 

jl *{s)[d^Ft - FtXc,..] = MjU^)), i = l....,m. W 

Remark 26. If we would like to use the conventional horizontal differential dn 
instead of reduced one in the formulated above we would still remove the term of 
the form q{z)ri of the Poincare-Cartan form of CR C, but in the calculation above 
we would get, for a vertical vector field ^ on y an extra term 

[Ftdndf A r?^] = iji [F^dx^ A dz{ A r?^] = -t^i [Ftdzj, A 7?] = F^^l 

and, after taking the puUback by a section s : X ^ Y we would get an extra term 
{F^d^£J')ri. This brings us back to the requirement that vector field ^ of variation 
is C-admissible. 
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11. C- ADMISSIBLE VECTOR FIELDS. 

In this section we will start studying the vector space X{C) of C-admissible 
vertical vector fields ^ = ^'^dyi G V{n), i.e. vector fields satisfying to the condition 

ojUO = FDiviO = Ftd^e = 0. 

Here ^ is the (arbitrary) lift of vector field ^ S ^iT^)- Let (p G Autp{TT) be an 
automorphism of the bundle tt and let ^ = ^^d^ + C^y* € be any projectable 
vector field in Y. Then we have 

MO = mnd, + (<^:.r + <i>]y.c)dy.. (n.i) 

Let ^ ~ Cdyi G '^{C) and let G Autp{TT) be as above. 

Lemma 6. For a transformed constitutive relation C"^ = 0* o C o 0^ we have 
Fdiv{C*) = (f>*Fdiv{C). 

Proof. By the (12.5-6), (where we substitute (f)~^ for 0!) for the transformed CR 
C"^ the (l,n)-component of its Poincare-Cartan form 6c,i/ is transformed as follows 

if dy^ A 77^ ^ rfei J(r J(<^)(:(^T ° A 77.. 

On the other hand, by () the TTio-vertical component of a tt^ vertical vector field ^ 

transforms imdcr the flow lifted transformation of Zp as C^dz^ {CfiJ{'P)jJ{4'~^)^) • 
Combining these two laws of transformation we see that 

F{C'^)':iMy, = detJir') {F{C)>tC,) , 
and, therefore, these two quantities equals zero simultaneously. □ 

Considering change of local admissible variables and corresponding local auto- 
morphism in the intersection of the domains of local charts we see that 

Corollary 3. Condition if^^ = defining the class of -vertical vector fields 
X(C) is independent on the local adopted chart (x'^^y^). 

A natural question that leads directly to the "entropy condition" for a balance 
system (9.13) (see Part II of this work for more details) 

(Ft^jlis)),.^ = Mjpis)), i=l,...,m, (★) 

defined by a CR C is - are there, except of the linear combinations of balance 
equations in the system balance laws for the bundle (tt) that follows from the 

balance system ★ in the following sense: 

Definition 21. Fix a CR C and consider the corresponding balance system (*). 
We call a balance law 

iK^ojlis)),, = Qojl{s). (11.2) 

of the same type (i.e. with the coefficients defining on Jp(7r) ) given by a (n+l)+(n+2)- 
form K'^ri^ + Qrj on the space Y^ (tt) generated by the CR C (or the secondary 
balance laws for the system (i^)) if any solution s : X ^ Y of the balance system 
(ir) is at the same time solution of the balance law (11.2). 
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All the balance laws that follows from the balance system (including the bal- 
ance laws in the system {it:) themselves and their linear combinations) form the 
vector space B£c- The simple class of secondary balance laws beyond the linear 
combinations of the balance laws of the system (■^) is determined by the following 

Proposition 21. Let a vertical vector field ^ — £,^dyi e V{Tr) belongs to the X{C), 
i.e. the condition FDiv{^) =Q is fulfilled. Then the balance law 

belongs to the space BCq. 

Proof. Follows from d{jl * {s)CFtVf.) = CdU^ * {s)FtVf,) + jl * {s)FDiv{^)r]. □ 

Remark 27. Vector fields ^ = with constant components ^ in a local coordi- 
nate system are obviously C-admissible. To such a vector field ^ there correspond, 
by the Proposition the (secondary) balance law that is, of course, the linear combi- 
nation of the original balance laws with constant coefficients. More geometrically, 
one may consider the abelian m-dim subalgebras of the Lie algebra ^(Tr) of vertical 
vector fields on the bundle tt. Vector fields of such a subalgebra (generating, by 
Frobenius theorem the local charts) gives the necessary number of vertical vector 
fields satisfying to the C-admissibility condition. 

On the contrary, variable C-admissible vector fields ^ generate some nontrivial 
secondary balance laws. In the part II of this work we will study such secondary 
laws more detailed. 

As it is well known, the vector space of divergent-free vector field (divergence 
being defined by a pseudo-Riemannian metric or, more fundamental, by a volume 
form - exterior form of maximal degree nonzero at every point of the manifold M) 
is closed under the bracket of vector fields and, therefore form the Lie subalgebra 
of Lie algebra X{Y). Asking the same question about the vector space X{C) we 
get, in general, the negative answer. 

To illustrate the notion of an C-admissible vector field we consider two simple 
examples of CR with 1 space variable 

Example 17. Consider a case of the full 1-jet bundle J^(7r) and of one field y{t, x) 
being the function of time t and one space variable x. There is only one balance 
law 

dtF'' + d^F' = n, 

and the corresponding balance relation has the Poincare-Cartan form ©c = F^dyA 

dx + F^dy A dt + Hdy A dt A dx. Here F^^ are, in general, functions of all variables 
{t,x;y;zt,Zx). As a result, the condition for a vertical vector field £, = ^{t,x;y)dy 
to be C-admissible takes the form 

F'^dt^ + F^d^^ = 0, 

or 

(F'^dt + F^dx)^ + (F'^zt + F^Zx)dyC = 0. 
Let F^ are independent of the jet variables - F'' = F^{t,x,y). Then from the 
equation above it follows that dy^ = 0, i.e. ^ = ^{t, x) and (F^dt+F^dx)^ = 0. This 
last equation tells that the function £_{t, x) is constant along the trajectories of the 
vector field F^dt + F^dx on the plane. Locally, in a neighborhood of points where 
this vector field is nonsingular, it tells that the function ^ is an arbitrary function 
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of a transverse variable. Consider an example where F'^ = y, = c — const. 
Then the condition reduces to the equation 

{ydt + cd^)^ = 0, 

so that ^ = fix — ^t) with an arbitrary differentiable function of one variable. 

If = fi{x— ^t)dy are two such C-admissible vector fields, then their commu- 
tator 

[^i,6] = (-^)(/i/2-/2m 

is not a C-admissible vector field because the coefficient of dy does not have the 
required form. 



Example 18. As a second example we consider a balance system with 2-dim space- 
time X (with coordinates x° = t,x^ = x) and two fields y^^y^- For such a system 
the condition FDiv{^) = takes the form 

F^d^oC + Fld^iC = F^dtC + Fld^C + [z^F^ + ZiFl]dy.C = 0- 

Restrict to the RET case where F/* = F^{x,y) do not depend on the jet variables 
2;^. Then the condition above splits into three conditions 

F^dy.e = 0. 

Fldy.e = 0, (11.3) 

[Ffdt + Fld^)c = 0. 

First two equations show that the (nonzero) covectors F^dy^, ji = Q,l are an- 
nulated by the linear transformation with the matrix J(^) = dyk^^. This is (gener- 
ically) possible in two cases: 

(1) J(^) = 0. This means that ^' = Cix) do not depend on the fiber coordinates 
J/'. This being true, the third condition takes the form similar to that in 
the previous example 

{F^{x,y)dt+Fl{x,y)d,)e{x) = Oyy. 

Let, for instance, F^ = y^ be the density of the field y^. Then the last 
condition takes the form 

{y'dt + Fl{x,y)d,)e{x) = Oyy. 

Decomposing the flux term Fl by into Taylor series (or differentiating it 
by y*) we get the evolutional equation 

dt (pj + {Fly. it, X, y = 0)) = (11.4) 

and the family of ordinary differential equations QfdxC = 0, a = 
iai,a2) for the components of vector field ^ number and type of which 
is determined by the character of dependence of Flix, y) on y. 

If, for instance F^ = Fljix)y^ are linear by y, no additional conditions 
are present and the evolutional system (11.4) is locally solvable for a good 
enough initial condition ^*(t, x)\t=Q = Cix)- This gives us a family of vector 
fields ^ G A'(C) depending on two functions of one variable as in the previous 
example. 
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(2) Case rfc(J(^)) = 1. In this case = 0,1 belongs to the kernel of the 

2x2 matrix J(^) and are, therefore, proportional: 

Fl=X{x,y)F^, (11.5) 
with some function X{x,y). Third equation takes the form 

If, for instance FP = j/', last equation takes the form 

Starting with a CR C of the form considered in this example that satisfies 
the relation (11.5) we find the function A, then the system of equations 
(11.3) for the components ^' of the vector field ^{x,y) takes the form 

\{dt + Xd,){y'e) = 0- ■ 
First two equations can be rewritten in the form 

Introduce the fimction q{x,y) = y'^^* + J/^C^. Then first two equations give us 
= dyiQ. substituting in such a form into the first two equations we get for the 
function q{x, y) two equations 

fy^?,!! +2/^9,12 = {y^dyi)q^yi = 0, 
\y^9,2i +y^q,22 = {y^dyi)q^y2 = 0. 

In terms of polar coordinates p,6 in the plane (y^^y'^) these two conditions means 
that = are independent on the radial variable p and depend on the angular 

variables 6 — tan~^{^) and t, x. 

This is equivalent to the statement that q = y^q{x, p-)- 
Substituting this to the third equation we get it in the form 

{dt + X{x,y)dro)q = 0. 

2 

Any solution of this first order wave type equation with the parameter p- determines 
the vector field ^ e X{C). 



There exists a geometrical situation where there is a natural class of m linearly 
independent at each point globally defined vector fields ^ admissible for all the 
constitutive relations. 

Proposition 22. Let tt :Y^Xbea trivial principal bundle of a connected abelian 
n- dimensional Lie group A. Then the (globally defined) fundamental vector fields 
on Y (generated by the right action of A onY) satisfy to the condition a;^(5) = 0. 

Proof. Trivial. □ 

Corollary 4. Let w : Y ^ X be a trivial principal bundle of a connected abelian 

m-dimensional Lie group A (in particular, a trivial vector bundle over X). Let C 
be an arbitrary constitutive relation. Then the equivalence statement of Theorem 2 
is valid for any constitutive relation C. 
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Remark 28. One might expect that in a case of a non-trivial bundle n : Y ^ X 
there may be less then n linearly independent global vector fields in X{F). It would 
be interesting to study a topological meaning of such a phenomena. 

For a projectable vertical vector field we can formulate this condition (and 
more generally, condition (7.7)) in a covariant way. Recall that dy* A is 
the section of the bimdlc 7rQ*(F*(7r) (g) A"^^(X)) over Zp. Last bundle have, as 
its A"(X)-dual, the bundle 7rQ*(V"(7r) (g) A^{X)) over Zp and we may consider the 
associating of d^S,^ to the vector field ^ as the mapping of total differential 

D:^ = eix,y)-g- - d^Cdx'^ : V{7r) ^ 4*{V{7r) ® A\X)). (11.7) 

Then condition (9.10) takes the form 

FDiv{0 = {Ftdy' Ar,^,DO = 0, 

where notation FDiv{^) for the expression on the right was introduced in the 
previous section. 

Example 19. Consider the case of a vector fields of the type 

For such a vector field and an arbitrary section s e r(7r) 

j'*is){Ftdy^A7if.,D0 = [Ftoj\s){^%,+Q,s'^,,) + Ftoj\s)C^,y:,.,.h (H-S) 

Since second derivative components of 2-jets of sections s at a point {x, y, z) can 
he arbitrary, condition of C- admissibility for these vector fields ^ splits into two 
conditions: 



Fti^..+€,y.z0-Ft{£, + zi^)C =0, 

i^^Xi, =0, forallM,z^,i, ^ ' 

where in the second condition the symmetrization by jiv is done. 
One can rewrite second condition in the form 

for an arbitrary family of skew-symmetrical tensors uj'^^ on Zp. For a projectable 
vector field ^ the second equation is trivially satisfied. 

11.1. C-admissible vertical vector fields: 5F- fluid system. Here wc consider 
the condition of C-admissibility for a vector field ^ G '^(X) i^i the case of the 
5F-fluid balance system C5, see (2.7) in the Newtonian space-time with Euclidian 
metric {E'^,h = dt^ + YIa'^^^ ^) ^^"^ ^^"^ global coordinates {t,x^). In order to 
simplify calculations we choose basic fields to be (p;v^,A = l,2,3;t9) and will 
use the internal energy e balance instead of the full energy density e balance. We 
assume that the constitutive relations for 5-fields system, i.e. functions e, t;^,^'^ 
may depend on the spacial gradients of dynamical variables Vv, Vi?. 
We have for C5: 
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©Cs = [pdp A 770 + pv"dp A 77b] + [{pv^)dv^ A r?o + {pv^v^ - t^^)dv^ A 773] + 

+ [ped-d A r?o + (pe + A tjb]] + [/a^w^ A t? + (/^w^ + ti + r)d^9 A rj] . 

(11.10) 

Since we assume that the constitutive relations C5 are independent on the 
derivatives of p, for a general vector field ^ e X{Zp), condition of C- admissibility 
F/*^^ = has the form 

- Ci)^^/ = 0; A = 1, 2, 3, M = 0, 1, 2, 3 i = v"", 1?. 

Due to the independence of the 2-jet variables and to the fact that none' of the 
flow components Ff^ is zero, we get: ^'^ = 0, p, = 0,1,2,3. Thus, Cs-admissible 
vector field ^ is 7r-vertical and condition of Cs-admissibility takes the form 

E ^AP^^ = ('^^^^'^ - ^^''^^A + {P^V^ + = 0. (11.11) 

(A,i)eP 

Any TT^-vertical vector field ^ e X{Zp) that satisfy to this linear algebraic con- 
dition is Cs-admissiblc. 

Consider now the case where the vector field above is the flow prolongation 
of a TT- vertical vector field ^ = ^^dp + d^A + ^''9,?, i.e. use 

e = £,+ rfpfs.. = e + d^ed.^^ + d^c'd^^A + d^ed.^^ . 

Condition of admissibility 'Y1i(a i)eP ^i^dA^ — (summation goes over the space 
derivatives since no time derivatives of dynamical fields enters the constitutive 
relations) is obtained by substituting = dA^ into the algebraic equation (11.11). 

pv^^'dAC^ + pev^dA^ = t^^'dAC^ - q^dA^- (11-12) 

This equation splits corresponding to the order of the terms in the total deriva- 
tives dA = d^A + z\dyi and we get: 

/Coefficient of z\ : pv^v^^^,'^, + pev'^S,^, = t^'^C,'^ - q^^^^i, i = p,v'=' A = 1,2,3, 



or, in more details. 



(11.13) 



pv^v^e:c + pevXc = t^'^^c - qX^c , 
pv^v^^^' +pev^^%=t^^e, -q^^%, ^ ■ ' 

[pv^v''^:! + pev^^% = i^^^A - 1^^% 
Looking at the first three (families of ) equations in this system wc sec that the 
left sides of these equations do not depend on the jet variables. Therefore right 
sides of these equations do not depend on jet- variables Vv, Vi? too. 

For the second equation this gives, since t"^, q^ do not depend on u*^ that 

t^^C^o - qXo = (i^^r' - q^e),.o = X^o{p,v,S) 
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with some functions A^c(p, i^,^?) of named variables. 

Since function (t^^^^ ~ q"^^^) in the left side does not depend on C and due 
to the mixed derivative test dyc\\- — d^cX^c^ we have \{^c — dych^(p,v,-d) with 
some functions /i"^(/0, v, -d). From this it follows that 

(11.15) 

Thus, second equation takes the form 

P^^i^^G" + P^'^^Co = hj,c{p, V, 9). (11.16) 
Take here derivative by W9. We get 

Thus, either — or (^"^c = 0. Taking derivative by we get that either 

dv9 oVv ^,v^ 

Consider first the second alternative - £,^^c — 0. substituting this into the equa- 
tion (11.16) we get 

tUll=hia (11.17) 



for all A, C. Thus, either tg does not depend on the gradient variables or (^""^^c is 
degenerate and the part of that depend on gradients belongs to the kernel of 

Consider, generically, a case where c = ^ h^c = as well. 

Thus, do not depend on v'^ . Taking derivatives by v'^jV^ in the first 

equation we get = (e does not depend on v'^), then, using this and differ- 
entiating by we get ^'"^ = as well. Repeating this procedure with the third 
equation we will see that S,^ , ^" do not depend on i? as well. Thus, 

r„c = o-.c^^'' - const. 

Another choice would be to have e — e(p, 6) (which is realized, for instance in 
the case of Navier- Stokes fluid ([3T]). 

In such a case we return to the relation (11.16) 

Taking here derivative by and assuming generically that £^^_^c nondegenerate we 
get 

^ = (Cc)-^-Cc=Ab(p,0) 

does not depend on v'~^ or on any gradients. Similarly we get 
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Then qj^^Xs = tB,Vvi Is'^-^b = ^b.Vi? ^^"i' integrating by Vv, Vi? we get: 

Here Ab(p, i?), i?) are constitutional functions, depending on the constitutive 
relations C5 but not on the vector field ^. 
From the second equation we get 

Using expressions for t^ and from these two equations we get 

Taking here derivative by v*^ and substituting into the second equation of system 
(11.14) we get 

substituting here ^'^c = ^'"^c As we get 

[pv\'' + pv^eXB{p,^)+fii{p,m';u''c = 0. (11.18) 
Generically, to be true in an open set of basic fields space U we have to have 
^'"^c = 0. Then ^'^c = and from this it follows as above that — const. 

Proposition 23. Assume that in the 5F-fluid system constitutive fields (i.e. t^, q^, e) 

do not depend on the velocity and on the Vp. Then, generically, i.e. without 
special conditions for the constitutive relations, components of a vector field 

^ e V{Y) n X{C) are constant and an admissible ir-vertical vector field ^ G 
has the form 

c = e{t, X, p, V, d)dp + r"" {t)d,B + fd^. 

More detailed study of the geometrical properties of the 5F-fluid balance system 
including the consideration of special, non-generic cases of the constitutive relations 
will be done in other paper. 
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12. Action of geometrical transformations on the constitutive 

relations. 

In this section we study the action on the constitutive relations of the natural 
prolongations of the projectable transformations (/> € Autp{'jT) of Y studied in the 
Section 5. 

12.1. Action of e AutTr{Y) on the covering constitutive relations. Let 
C : Jp(7r) — > A"+^y ® \n+2Y ]-,g g, covering constitutive relation. Decompose 
corresponding Poincare-Cartan form as follows: 

= e^"+^ + e^" + 6^+^ =pv + F^dy' Av^+ Ikdy' A V. (12.1) 

An automorphism (j) G Autp{'K) of the bundle tt can be lifted to the contact 
automorphism (f)^ of the partial 1-jct bundle Zp = Jp(7r) over Y and X (sec Sec. 
5). It can also be lifted to the bundle automorphism (p^* = ((/)*("+^\ 0*("+2)) of the 
bundle A^'^'^Y ® A^'^'^Y preserving its subbundle Aj+^F© Ag+^F. Automorphism 
(j)^* leaves canonical form(s) 02^^ ® ©2^^ invariant (Sec. 5). 

More generally, let tp G Aut{TTi) belongs to the group of automorphisms of the 
double bundle tt^ : Jp(7r) — > F — > X. Transformation ip G Aut{'!T^) generate the 
automorphism (p € Aut{TT). In its turn, transformation (p extends to the automor- 
phism (p^ G Autp{TTi) (see Section 6). This allows to present 

^ = (p^ Olpgau, 

where the automorphism tpgau projects to the identity diffeomorphism of Y and, 
thus, represents pure gauge transformation of Jp(7r). Correspondingly, the action 
of ip on the Poincare-Cartan form of a CCR C is the composition 

Calculate this action explicitly. 

Lifted automorphism {(p^,(p^*) transforms the constitutive relation C into the 
constitutive relation 

C"^ = 0i*oC'o</,i -1. (12.2) 

For the Poincare-Cartan form of C"^ we have (using for the transformed CCR 
C"^ the fact that (p^* preserves the multisymplectic forms 62^^ and 02"*"^) 

e^^ = (c"^)(e^+i ® e^+2) = (0'* oCo<p^ -^y{Q^+^ ® e^+") = 
= -1 *oc*o(0i*)*(e^+i©e^'+2) = -1 *o(7*(e^+i©e^+2) = 

(12.3) 

On the other hand 

<P^*-^Qc = <^'*-'[ot + Ftdf A 7?^ + Ilidy' A 7?] = (p o ^1 -1) . ^*-^r,+ 

+ {Ft o cp^ -^)d{<p-^ '){x, y) A 4>*~^7)^ + Hi o -H{(P-^ A ^ ' *n- (12-4) 

here we have used the fact that dy^ and 77, 77^ are puUbacked form the spaces Y and 
X respectively and that puUback by ttio or by tt^ commutes with the puUback by 
(p^ and its projections to Y and X respectively. 
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To shorten the notations we wiU make the next calculation for (p e Autp{'!T^) - 
automorphsim of the double bundle Zp — > F — > X rather then <p~^ (lift (p = ip'^ 
of a automorphism tp G Autp{TT) is a special case of this more general case). Au- 
tomorphism (j) induces automorphism </> G Autp{Tr) and automorphism of split- 
ting structure (if Jp(7r) is the proper partial 1-jet bundle) in X. We notice that 
(f)*!] = detJ{4>)rj where detJ{(f>) is the Jacobian of the (local) diffeomorphism ^ 
defined by the volume form rj. On the other hand 

since (i)^^da;i^ = J{4>-^ Y^da:-^ . 
Altogether 

=P°^- detJ{4>)rj + {Fl' o mi.-dx'^ + ^^y^dy^) A [detJ{4>)J{rXri,] + 

+ Hi o ^{(l>%,dx'' + cf>iy,dyi) A detJ{^)r) = [detJ{^)J{rX^^i ° ^W,viW A r?.+ 

+ [detJ{4>mi o ^)ct>\jWAv+\po^-detJ{^) + {F^ o^){^i^^ [detJ{4>)J{rXM 

(12.5) 

Splitting the terms we can write last result as follows. 

' =^ +^ ^tdy' A +^ ll^dy^ A r;, where 

?p = [po 0+ {Ft o m:.^j{r'Y^ ■ detj{^), 



(12.6) 



■^n, = detJ{(j)){Wj 



To use these formulas for calculating C"^ and one should replace </> in (12.3) 
by inverse mapping . 

From the last result it follows that 6^" and transforms tensorially under 

the action of (p while the component 0°^""''^ transforms afRne. 

Remark 29. If we take C to be ^/-lifted CCR Ci, = q^oC (see Sec. ) for an arbitrary 
constitutive relation C : Zp ^ Z and ©c,i/ - corresponding z/-lifted Poincare-Cartan 
form of C. for a one-parameter group of automorphisms (t>t of Zp we define one- 
parameter group of automorphisms ipt of J^S^^^^^'^^^'^^ by projecting to the 
one-parameter group of automorphisms (pt of Y and then lifting it to A2"^"^''~'~''"~'~^'' 
using results of section 5. We have 

(12.7) 

where wc have used the fact that ipt acts on the form Qc,v leaving its dy^ A?7^ part 
invariant. Here C"^' = tp^ o C o </>_(. 

If we take the expression obtained above mod A""*"^ the last term vanished and 
we get the formula for transformation of the (1, *)-part of the Poincare-Cartan form 
0c, 1/ of a CR C independent on a choice of connection v\ (another argument would 
be that the last term vanishes if we contract it with a vertical vector field ^): 
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(12.8) 

In terms of separate balance laws 

a^ = Fl'n^ + Ilir,, (12.9) 
using the pullback of the basic forms rj, iji, by ^ 

Tj^ = detJ{^)j]] 

nt = detJ{^)J{rX'1'^ 
we have for the transformed balance laws 

= {{F^ ° <t^)4>',y.)rit + ((n, o 4>')4>]ydri^ (12.10) 
Transformation C ^ acts, in a natural way, on the sheaf of solutions Sol{C) 
transforming it to the sheaf of solutions of the balance system : 

Sol{C) ^ Sol{C'l'). (12.11) 

A pure gauge automorphisms V'gau in the decomposition = o tpgau acts 
simply by 

flange = ° ^l^gaudf A 7?^ + O Vga«dy* A 7?. (12.12) 

and the individual balance laws (Xj after transformation take the form 

(jf =Fl^o iPg^^r,^ + UiO ijg^^T]. (12.13) 



Let now ^ G (tt) be an infinitesimal automorphism (vector field) of the bundle 
TT, i.e. a projectable vector field in Y satisfying to the conditions of Section 7 for 
lifting to the partial 1-jet bundle Jp(7r): 

Let be its prolongation to the projectable contact vector field in Jp(7r) (see 
Sec. 7). Thus, we have 



where summation in the last term is taken over the that are present in the partial 
1-jet bundle. In the RET case we do not need to introduce any prolongation. 

Let C be the prolongation of ^ to the projectable vector field in Z = a("+i)+("+2)/a("+i)+("+2) 
preserving canonical multisymplectic forms 62^^,62^^ (See Sec. 7): 

— £''A - 















1 Qpu- 


-) -Po 
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Let now be a local flow in Jp (tt) of the vector field and ipt be a local flow in 
Z of the vector field ^* . 

Taking in the expression for the transformed mapping ipt o C o derivative 
by i at t = we get the generalized Lie derivative of mapping C with respect to 
the vector fields (^^,$*) (see [19], Chapter 11) - the vector field over the mapping 
C Zp > Z 

C^^,^^,f = C,{e)-C°C. (12.15) 
In local adapted coordinates we have 



^ du'- 



In the case of partial 1-jet bundles we assume restrictions to the automorphisms 
and vector fields that were introduced in Section 7. For instance in a case of J^(7r) 
we assume that the automorphisms of tt preserve the structure of fiber product 
(4.8). 

Definition 22. (1) A diffeomorphism $ ofWp — Zp x Z is called a general- 
ized symmetry transformation of constitutive relation C if ^{Tq) ~ Fc 
for the graph Tq of the mapping C. A generalized symmetry $ ofC is called 
a trivial symmetry of C if restriction of $ to Tq is identity. 

(2) A couple of diffeomorphisms ip^ S Dif f{Zp), ip G Diff(Z) is said to 
generate the symmetry transformation of C if the diffeomorphism ^> = 

X (f)^^ of Wp is the generalized symmetry ofC. This is equivalent to the 
condition 

ip o C{z) = C o (j){z) for all z Cz Zp. 

A .symmetry is, of course, a special case of a generalized symmetry. 

(3) An automorphism (p £ Autp['K) is called a geometrical symmetry trans- 
formation of a constitutive relation C if the diffeomorphism — (jf x 
(j)^ of Wp is the symmetry of C , i.e. if C^* —C. 

(4) An automorphism (j) G Autp{T:) is called a geometrical symmetry trans- 
formation of a covering constitutive relation C if the diffeomorphism ^ — 
(j)* X 4>^ ofWp is the symmetry ofC, i.e. ifC'^* —C. 

(5) Let ^ G Xp{'K) be a projectable vector field. We say that ^ is a geometrical 
infinitesimal symmetry of the constitutive relation C i/i^^i |',-)C = 0. 

Properties presented in the next Proposition follows directly from the given def- 
initions. Last statement follows from (12.2-3) 

Proposition 24. (1) A vector field ^ G Xp{'K) is an infinitesimal symmetry of 
C if (and only if) the (local) phase flow diffeomorphisms — ipt (p-t 
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Wp defined by the prolongation of ^ map Tc into itself: 

i.e. if the (local) phase flow (f)t of vector field ^ is the geometrical symmetry 
ofC. 

(2) Generalized symmetries ofC form the group GSym{C) C Dif f{Wp). 

(3) Trivial symmetries of C form the norm,al subgroup TSym{C) of GSym{C). 

(4) Geometrical symmetries $ form the subgroup Sym{C) C Autp{iT). 

(5) Infinitesimal symmetries of C form Lie algebra q{C) C Xp{-K) with the 
bracket of vector fields in Y as the Lie algebra operation. 

(6) A vector field X e X[Wp) is the generator of the 1-parametrical group of 
generalized symmetries of C if and only if it is tangent to the graph Tc ■ 

(7) If £, & '^piy) is the infinitesimal geometrical symmetry, then for the local 
phase flow (pt of ^ 

Condition that generalized Lie bracket (12.17) is zero has the form of a system 
of differential equation of the first order for the components of the constitutive 
relation C: 

/•n,-(n,(e''if-||;)-n,f;)=o 

(12.17) 

Vector field in these equations for a fixed represents the acts on the compo- 
nents of the vector function (with values in the space dual to the vertical tangent 
vector of the bundle tt, i.e. in V{-k*) Hfted to the space Zp. 

For the vertical vector fields ^ = £J'dyi the system (11.5) takes the form 

k^dy, + d,.i^dA Ft+F^^ = (sie + ^)f^ = o, 

[i^dy. + d,.^w^^) + ii,§, = (sie + n, = 

We can rewrite last system as the system of conditions to the vertical vector field 
{K.^d^+nw)^'+Ky^^'=^^ M = l,...,n;i = l,...,m, 

(nfc,4rfa + n,- ^) + Uk,yi^^ = 0, fc = 1, . . . , m. 

Recah that here D^C = ^ + 4^^- 

Let (I) e Autp{'7r) be a geometrical symmetry of a CR C. For a solution s G T{n) 
of the balance system (10.12-13), i.e. for a section s G T{n) such that 



jl*is)i^de^_=o 
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for all ^ e A'(C) we have 

= ijpis)r^c^li^' *de^_ = ij'p{s)rt^i^dc^' *e^_ = {jl{s)rt^r^de^_. (12.20) 

Here we have used the symmetry condition in the form presented in Proposition 24, 
7). Last expression is equal zero if (vertical) vector field G X{C). But, by Lemma 
6, Sec. 10 (f>lX{C) ~ X{C'^). Since for a geometrical symmetry transformation = 

C we have proved the following 

Theorem 7. Let (j) € Autp{Tr) be a symmetry of the CR C. Then the mapping 
s — > (p*s maps the set Sol{C) of solutions of the balance system (8.12-13) into 
itself. 



In the second part of the work we will study action of transformations on the 
balance systems in more details, including covariance transformations, equivalence 
relations etc. 

12.2. Homogeneous constitutive relations. If the state space of a theory con- 
tains enough fields to make the constitutive relations free from the explicit de- 
pendence on [t, x) & X (general relativity or theory of uniform materials are two 
examples), then the corresponding balance system simplifies and while studying 
it one docs not need to introduce assumptions on the character of the space-time 
dependence of the balance system. Definition given below is an invariant way to 
distinguish a class of such CR. 

Any local chart in X defined the local (translational) action of i?" in X asso- 
ciating with the basic vectors e^ the vector field dxi^ ■ Vice versa, any n-dimensional 
commutative subalgebra f) of the Lie algebra of vector fields X{U), U being an 
open connected subset of X, defines the locally transitive action of i?" in U and, 
therefore, a local chart in a neighborhood of any point in U . 

Definition 23. (1) Let v be a connection in the bundle n satisfying to the 
conditions of Propositions 14 or 15 with "partial" meaning K ® K' or S 
respectively. We will call a constitutive relation C i/ -homogeneous if any 
point z € Zp there exists a local chart in a neighborhood Ux, x = tt^{z) 
such that the Poincare-Cartan form flc of the CR C is invariant under the 
local flows (pi of the lifts ^ of v-horizontal vector fields f) in the 

neighborhood of y = 7rio(2)- 

C^iVLq — mod qrj. 

(2) A constitutive relation C is called a homogeneous if there is a connection v 
on the bundle n such that C is u -homogeneous. 



Proposition 25. Let v be a connection in the bundle tt. Then the following prop- 
erties of a constitutive relation C are equivalent: 
(1) C is y -homogeneous, 
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(2) For all ^ G [}, the v-horizontal lift ^ is the infinitesimal symmetry of the 
constitutive mapping C in sense of Definition 22. 

(3) The graph Tc G Zp x Z of mapping C is invariant under the flow generated 
by (flow) lifts of V -horizontal vector fields ^, ^ G [). 

Proof. Trivially follows from the Definition 23 and Proposition 24. □ 

Remark 30. In a case where connection v is flat, the association ^ ^ is the Lie 
algebra endomorphisni — > Aut{-K^) C X{Zp). 

Remark 31. It would be interesting to study the influence of the curvature of 
connection u on the properties of i^-honiogeneous constitutive relations. 
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13. NoETHER Theorem. 

Noether Theorem of the Lagrangian Field Theory associates the conservation law 
with one-parameter groups of symmetries (or with the corresponding vector fields) 
the conservation laws that is valid for any solution of the Euler-Lagrange equa- 
tions (on shell) . Conserved currents are defined in terms of the (multi)-momentum 
mapping that in the case of a multisymplectic field theory was constructed in [29j . 

In the situation considered in this work we might expect a similar result to be 
true at least for the semi-Lagrangian constitutive relation Cl.ii or RET case (see 
Sec. 9). On the other hand, in the general case, with serious restrictions to the 
admissible variations ^ one can hardly expect the Noether Theorem type results. 
In this section we study possible formulations of the (first) Noether Theorem in for 
semi-Lagrangian, RET and general constitutive relation C. We follow the works 
PSI in the presentation of Noether Theorem of multisymplectic field theory. 

We consider separately cases of semi-Lagrangian constitutive relation C and 
corresponding Lagrangian lift to the CCR C (see Sec. 9) and the general case. In 
the first case results are parallel to the Lagrangian case, in the second one they are 
much more limited. 

Let a Lie group G C Sym{C) C Autp{n) be a subgroup of the geometrical 
symmetry group of a constitutive relation C. Let g be the Lie algebra of the group 
G and g* be its dual space. Lie algebra g acts on Y by projectable infinitesimal 
transformations, i.e there exists homomorphism of Lie algebras q Xp{tt). For an 
element ^ € g we denote by the same letter the corresponding vector field in Y, 
by - the lifted vector field in Jp(7r) preserving Cartan distribution, by - the 

vector field in j^j^^-^'^^^^^^'^y leaving invariant the canonical multisymplectic form: 

In a more general fashion consider the Lie subalgebra g C X^i{Zp) of the Lie 
algebra of projectable (to Y and to X) vector fields ^ in Zp which consists of 
the infinitesimal symmetries of the CCR C . In other words we assume that the 
projection ^ e -^(ti") of ^ in y is defined and being lifted to the vector field ^* in 
the bundle A("+^)+("+^) preserving canonical form(s) 63^^ -I- 62^^ is such that 
£^^^,-jC = (see Sec. 12)). Then as is proved in Sec. 12 in terms of Poincare-Cartan 
form this condition takes the form 

%(e;5,+i + e'^+2) = o, (13.1) 

obtained by differentiating condition 7) in the Proposition 23. This splits into two 
conditions - independent preservation of forms ©^^^ and G^"*"^. First condition is 
the natural generalization of the invariance condition of the Lagrangian field Theory 

m)- 

Former situation (^ G Xp{Ti)) is the special case of the later one where 

Definition 24. Let G be a covering constitutive relation in Zp. 

(1) A vector field ^ E X{Y) is called a variational symmetry if the Lie 

derivative 
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(belongs to the differential ideal of (partial) contact structure of Zp, see 
Sec. 6) and also is tangent to the boundary subbundle B and verifies 

£^inc = o. 

(2) A vector field ^ E ^{Y) is called a Noether (divergence) symmetry 

if there is a n-form a £ A"(y) whose pullback a to Zp is exact on B: 
ub = dp and such that 

£^18^+1- da eX(Ca), 

and vector field (}- is tangent to B and verifies C^^ilic = 0- 

(3) A vector field G X{Zp) is called a Cartan symmetry of C if 

(a) Flow of preserves the differential ideal T{Ca): C(^^9 G X{Ca) for 
alio eI{Ca), 

(b) There exists a n-form a on Zp that is exact on B: as — d(3 and such 
that 

C^z'^l'^^ -daeI{Ca), 

(c) Vector field S^z is tangent to B and verifies C^^Ilc = 0. 

Every variational symmetry is Noether symmetry as well. If ^ is a Noether 
symmetry, then its flow prolongation is a Cartan symmetry. Vice versa, a ttiq- 
projectable Cartan symmetry is the flow prolongation of its projection which is the 
Noether symmetry. In the next proposition proof of which is the same as in |25] 
some properties of symmetries of these three types are collected. 

Proposition 26. Let C be a covering constitutive relation defined at Zp. 

(1) Variational symmetries form the Lie subalgebra ogg of X{Y). 

(2) Noether symmetries form the Lie subalgebra ngg of X{Y). 

(3) Cartan symmetries form the Lie subalgebra egg of X{Zp). 

(4) For the prolongations of the first two types of vector fields we have the 
following sequence of embeddings of Lie subalgebras of X(Zp): 

(5) A geometrical infinitesimal symmetry ^ G Xp{TT) of CCR C is the varia- 
tional symmetry of the CCR C . 

(6) An infinitesimal symmetry^ G A'^i(Zp) is the Cartan symmetry of the CCR 
C. 

Now we define the canonical multimomentum mapping (MM) following [29] . 

Definition 25. The multimomentum mapping J : A^'+^y ^ A"(A:)®fl* is defined 
as 

J{z*){0 = ie.&^+\z*), for all z* E A'^+\ ^ £ g. 
Lemma 7. ([29\ I25j ) For the MM-mapping J and an arbitrary ^ e X{Zp) 

i^,de^+^ = -dJ{z*)(i). 

Proof We have = ^^.82+^ = i^,dQ^+^ + di^,e^+^ = i^,dQ^+^ + dJ{z*)iC). □ 

The MM mapping J*^ for an arbitrary covering constitutive relation C is defined 
here in the same way as it was defined in [29] for the Legendre transformation 
corresponding to a Lagrangian L?/. 
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Definition 26. A multimomentum mapping of a covering constitutive relation C 
is the mapping J'~' : Zp = Jp(7r) A"(X) (g) g* 

J^(z)(C) = C: J([(7"+i(z))(0 = ^iel-'\z), 

where C"+^ is the (n+1) -component of the constitutive mapping C. 

Remark 32. Notice that J^{z) depends only on the current component of the 
constitutive mapping and, therefore, J'~^(z) = J'^"(z). 

Lemma 8. // the mapping C is regular (i.e. if it is the dijfeomorphism onto its 
image), then 

i~dQl+^ = -dJ^{z){i), for all z G J^H^), C e 0. 

Proof. Follows from the previous Lemma by using the tj-equi variance of the con- 
stitutive relation C giving C*^ = ^* oC (recall that ^ is the projection of ^ to F). 
More specifically, we have 

{dj^{z){i) = {dc*j)izm = c*{djm = dj{c{z)){c4i)) = dj{c{zm*{c{z))) = 

(13.2) 

□ 

Theorem 8. (Noether Theorem) Let C be a semi-Lagrangian covering constitutive 
relation with 

Q^ = {L- zl^L^j^)r] + L^i^dy' A r;^ + (H, - L^y.)dy' A 77, 

and let ^ € Xp{Y) be a variational symmetry of C . Then for all solutions s e r(7r) 
of the balance system the following balance equation is true 

d[ij\s)rjHzm] = (t^xon.) o /(.))*,,. (13.3) 

Proof. We have, by the Cartan formula for the Lie derivative and using Theorem 3 

= (ii(5))*%e^+i = {j\s)r (di^.Qi+' + i^.dei+') = d{j\s)ri^.ei+'+{u%)oj\s)rv, 

since s is a solution of the balance system (10.29) with Xlj replaced by Ilj — L^yi . □ 

In the same way the following statement is proved 

Theorem 9. (Noether Theorem) Let C be a semi-Lagrangian covering constitutive 
relation with 

e^ = {L- zlL^0r] + L^i^dy' Ar]^ + (H^ - L^yi)dy' A r], 

and let G X{Zp) be a Cartan symmetry of C (in particularly, = for 

^ € Xp{Y) to be a Noether symmetry of C). Then for all solutions s € T{n) of the 
balance system if the following balance equation is true 

d[{j\s)rii,@l+' -a] = {u,\^z)ni)oj\s)rv. (13.4) 
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Corollary 5. If, in addition to the conditions of the Theorem 8 the balance system 
Be is the conservation system (i.e. i/IIi = 0, i = 1, . . . ,m), then for all & Q and 
for all solutions s e r(7r) of the balance system Be the Noether conservation law 
holds: 

d[{3\s)ri^,@f^-a]=Q, (13.5) 

Remark 33. Associating to each ^ e the corresponding balance law (13.3) 
defined the linear mapping 

to the space of secondary balance laws of the system Bq (see Sec. 11). 

Let now condition (13.1) is fulfilled i.e. G is symmetry of both flux and source 
terms of the constitutive relation C. Then 

di^~e^+^ = -i|(ie^+2 = -i^{dli, A df A r/) = 

= [-{i ■ \l^)dy' A r; - Cd^, A + ^d^r A dy' A 77^] = 
= -{iYli){u'+zldx'')Aij-C{n,,,,.dx'' +U,^y,{u:^ +zldx^ 

+ ^''dn, A (w* + zldx"") A 77^] = Con + ^''dH, A zldx" hri^ = 
= Con + ^^'[Ii,^^.dx'' + Ii,^y, {u' + z^dx'^) + H^,^. (w^ - z^^dx^)] A z'^-q = 

= Con. (13.6) 

Here Con means a contact form. During this calculation we repeatedly used the 
equality dx'^ A 77 = 0. Notice that the same statement follows directly from the fact 
that the pullback by j^{s) of the n + 1-form is necessary closed. Applying now the 
pullback by j^{s) we get the following 

Proposition 27. Let, in addition to the conditions of Theorem 7, G is the sym- 
metry of the source part of the constitutive relation, i.e. (13.1) is true. Then 

di^e'l+^ = Cont^dj\s)*i^e'l+^ = 

for all sections s. Therefore, locally (and in a top. trivial domain, globally) 

j\sri^ei+' = d<^>c{s,i,z) 

for some (n+1) form (Q-potential of the source G"^"^) linearly depending on the 
vector field ^. 

Remark 34. notice that in the last Proposition, as in the Noether Theorems above 

Corollary 6. If G is the Lie group of symmetries of a regular constitutive relation 
G then (locally) in the conditions of Theorem 9, 

d[J^{j\s){xm-^c{s,i,z)\=Q 

for all solutions s e r(7r) of the balance system Be- 

For the RET constitutive relations we get the results similar to those for semi- 
Lagrangian case valid for the lifted covering constitutive relations (comp. Sec. 10, 
Thm.4): 
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Theorem 10. (Noether Theorem) Let C be a lifted covering constitutive relation 
of the RET type with 

and let E ^0^) be a variational symmetry of C. Then for all solutions s € r(7r) 
of the balance system ir the following balance equation is true 

d[{j'{s)rj^{z)m = {u;\o^i)oj\s)rv. (13.7) 

Now wc formulate the Noether Theorem for the balance system Be corresponding 
to a general regular constitutive relation. This result is limited since the infinitesi- 
mal symmetry vector fields ^ should be C-admissible. 

Theorem 11. Let C be a regular constitutive relation defined on a partial 1-jet 

bundle Jpiir) and C - its lifted (covering) constitutive relation. Let a Lie group G C 
Sym{C) C Aut{-K) be a symmetry group of the flux part Q"^^ of the constitutive 
relation C such that its Lie algebra q consists of C-admissible vector fields q C X{C) 
on Zp. Then for all ^ G g and for all solutions s G r(7r) of the balance system Be, 

d[J^iJHsKxm=J\sr^iel+'=J\sr[u;\m^]v, (la.S) 
where = dy^ — .^gp zj^dx^ are the basic Cartan forms in Jp (tt). 

Proof. We have 

dj'^{j\s)m=j\srdj^-ii) = _/(.)*z^-de^+i = 

= -j\srt^e'i+'=f{sr[u;\emv- (13.9) 

where u) is some contact form (we have used the result of Lemma 12 Appendix IV). 
Here we have used formulation (10.34) (see Theorem 5) of the balance system. In 
the last equality we have used the relation a;'(^) = As a result we get 

dj'^ij'ism) = j\sri^.e^c+' = j\sr[u,\en]v. 

□ 

Corollary 7. //, in addition to the conditions of the last Theorem the balance 
system Be is the conservation system (i.e. if Hi = 0, i = l,...,m), then for 
all ^ G g and for all solutions s G r(7r) of the balance system Be the Noether 
conservation law holds: 

d[J<^(ji(s)(x)(O]-0, (13.10) 

13.1. Energy-Momentum Balance Law. Let he a connection in the bundle 
TT : y — > X with the form rfj/' — T^^dx^. Consider a t'-homogeneous constitutive law 
C and the corresponding balance system Be- Let {x^,y^) be a local adopted chart 
in the bundle tt. 

Let dxf^ be a basic vector field in X and let = d^t' + r^9j^« be its horizontal 
lift in Y. Flow lift of the vector field is 

i^ = d,.+ridy. + d^r^d,.^. 

Now we assume that G X{C). Remind that this is true for all fi and all 
connections v in semi-Lagrangian case and in the RET case. In the general case 
that requires fulfillment of two conditions: ^fj, is P-vertical and 
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c^c(4) = F.^d.Tl = 0. (13.11) 

Calculate now 

and = -T^ — z*,. Therefore, the balance law (13.3,13.7) takes, for the vector 

field the form 

djlisriF.^r^rj, - F^dy^ A r?^.] = J^(s)*(n,(r^ - z^)),?. (13.12) 
Introducing 1-jet of section s into the form in brackets and omitting the form 77 
we get the energy- momentum balance law in the form (comp. [13j . Chapter 3) 

dmrr',) o jUs) - s;f^sI + Fts^i:,. = n,(s)(r;(,s) - s:^j). (13.13) 

Energy-momentum Tensor for the constitutive relation C has, thus, the form 

T;:^FrTi,~s-;Frzi + Frzi. (13.14) 

13.2. Case of pure gauge symmetry transformation. Let ^ = £,^dyi be a 
vertical (pure gauge) symmetry transformation of a constitutive relation C. Then, 
the flow lift of vector field ^ to is = ^ -I- df^^^d^i^ . 
We calculate 

^e^c'^'=CFtri^,u;^{e)=C- 
Therefore, the Noether balance equation corresponding to the vector field ^ has the 
form 

dj'p{sneFtv,)^j'p{^nen^v)- (13.15) 

Substituting s explicitly we get this equation in the form 

[{eFt)ijUs))U = (f n,)(j^(s)) - (13.16) 
- the secondary balance law defined by the C-admissible vector field £, (see Sec. 11) 
and part II of this work. 
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14. Evolutional balance systems. 

Here we consider the case where Zp = Zs = Jg{TT). A general balance system 
(9.13) does not necessary produce an evolutional dynamical system for all the state 
fields y', the extreme case of such a situation be when no time derivatives enters the 
constitutive relation and = for all i. To specify type of balance systems that 
produce a dynamical system for all the fields we have to put some restrictions 
on the CR C. 

We simplify our consideration here by assuming here that the CR C satisfies to 
the condition: 

Time derivatives of the fields may enter the constitutive relation 
C only through the term of C. 

Then, the balance system can be schematically written in the form 



where terms containing time derivatives are gathered on the left 



^—vU E 7ril/.« = G,(t/,y.,y..), (14.1) 

jes StUStx 2/t 



Example 20. Consider a (/-horizontal constitutive relation C such that Ut = Utx = 
(so that no time derivatives of the fields y' enters C), If in such a case the condition 
of regularity is fulfilled 

det ^ 0, (14.2) 



guarantees that the system can be written in the normal form 

Vt = H\y,yx), 

and, in an analytical case, the Cauchy problem for this system is is locally solvable. 

Restrict to the case where the bundle F — > X is the vector bundle. Introduce 
the pullback of the bundle w :¥ X to Zpi 

*{Y) > Y 



(14.3) 



Zp > X 



QpQ 

Let the m x m matrix ^2(2) = "g^(^) has, in a neighborhood of a point z a 

constant rank S2 ^ \StUStx\- Then, the kernel K2{z) of the matrix defines, at 
each point z the vector subspace K2{z) C n* zO^x)- If the rank of matrix A2{z) is 
constant, we get (locally) the subbundle K2 of the pullback bimdle tt^ *{Y) of the 
fields y* whose second time derivatives yl^ do not enter the balance system (14.1). 
In the same way, at each point there is defined the rank si of the matrix Ai {z) = 

gpO 

-Q^iz) and the subspace Ki{z) - kernel of the linear mapping defined by the matrix 

Ai(z). If that rank is locally constant, then the vector subbundle Ki of the bundle 
nl ^{Y) is defined in the same way as K2 - subbundle of vector fields whose first 
time derivatives yl do not enter the balance system at the point z. 
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Define the intersection K{z) = Ki{z) n K2{z). Generically, if the rank of this 
intersection ke{z) is (locally) constant one get the subbundle K C tt^ ^{Y) of the 
fields whose time derivative do not enter the balance system (9.13). 

We have for the defined sub-bundles the inclusion K c Ki. Choose a compliment 
to the subbundle K of the bundle Ki (if a Riemannian metric is defined on the 
fibers of the vector bundle w :Y ^ X then it is natural to take = K-^). 

In the same way, choose a vector subbundle K'^ complemental to K2 in the 
bundle tt^ *(F) (orthogonal if a Riemannian metric is defined on the fibers Ux of 
the bundle ir-.Y ^ X). 

Thus, we get the decomposition 

T,l*{Y) = K,®Kl®Kl (14.4) 

of the puUback of the state bundle Y into the sum of subbundles with the cor- 
responding fields that 

(1) e K'^ enters the Cq^^ (i.e. dy' Aryo-term of CR) with their time derivative 

y% 

(2) e K'^ enters the Cq"*"^ (i.e. dy* A?7o-term of CR) but their time derivative 
y\ does not enter C, 

(3) Neither G K"^ no its time derivative y\ enter the C. 

Remark 35. If the bundle Y ^ X is not a vector bundle, similar decomposition 
exists for the vertical tangent V{n) of the bundle Y and can be used instead. 

Decomposition (14.4) allows to split the system of balance laws (locally, if the 
ranks of matrices Ai,i = 1,2 and dimension of intersection Ki (1 K2 are locally 
constant) into the three subsystems - hyperbolic for the fields in K^, parabolic - 
for the fields in and stationary - for the fields in K. 

Theorem 12. Let tt : Y ^ X is the vector bundle and let the CR C satisfies to the 
condition: time derivatives y\ of the fields may enter the constitutive 
relation C only through the terms of the CR C. Assume that the the ranks 
of matrices Ai,i = 1,2 and dimension of intersection Ki n if 2 of the subbundles 
Ki,K2 C TT^ *{Y) defined above are constant throughout the Zs- Then the pullback 
of the bundle Y to the partial 1-jet bundle Zg splits into the sum of three vector 
subbundles 

TTi* ^{Y) = K®K^®K^ (14.5) 

and the balance system (H-l) splits into the hyperbolic, parabolic and stationary 

subsystems 

'ytt =Pi{x,y^,zl), y'eK^, 

< yl =Piix,y^,zj^,^l^O■,yty''eK^), y'€K\ (14.6) 
^0 =Pi{x,y,zl,^ly^O,y^,y>' eK^nK\ 

At a point z G Zp let {h{z),p{z), e{z)) be corresponding dimensions of subbundles 
K^, K^, K. we call the triple of numbers {h{z),p{z),e{z)) the index of a system 
(14.1) at a point z and numbers in this index - hyperbolic, parabolic and stationary 
dimensions at the point z. It is clear that sum of these dimensions is equal to to: 
h{z) +p{z) + e{z) = TO. 
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15. RET BALANCE SYSTEMS. LAGRANGE-LiU DUAL FORMULATION. 

In this section we suggest a bundle picture of the Rational Extended Thermody- 
namics in terms of dual variables. We will be using terminology from Sec. 3. Recall 
that for the conventional RET case where F° = ([32] or Sec. 3 above) whenever 
the entropy density h^{x,y) is convex by vertical variables j/', the change of vari- 

QZ 

ables {y'} A* is globally defined diffeomorphsim px '■ ^ A^, of the 

fibers Ux onto the space A of variables A* . This allows to introduce the dual bundle 
TTyx ■ Y* X with the fiber A with the corresponding isomorphism of bundles 

Y — ^ Y* 
X = X 

Since in this section we are repeatedly using notation A for the space of dual 
variables, it will be convenient to change the notation for for the space (or bundle) 
of exterior k- forms from the A*^ to fl'^. 

Taking the puUback of the bundle of n + {n + l)-forms on X via the projection 
TTXY" or, what is the same, forming the fiber product of the bundle nyx with the 
(n+(n+l))-bundle iTn+^n+i) (see Sec. 2) we get the following commutative square 

A X > Y* X > f2"+("+i)(X) 

(15.2) 



A > Y* X 

where the left column represent a typical fiber of the middle column bundle over a 
point X £ X. 

A point of a fiber of the bundle ttha can be presented as 



(A,^g^r;^+p77), 

where q'^ix, X),p{x, A) are functions defined on the space Y*. 

Introduce the 1-jet bundle J^iTTyn) of the bundle ttqy*- A point of the fiber 
of this 1-jet bundle tty*q ■ J^iT^vn) — * A(= Y*) x (fi"^'"^"^-*) (over a fixed base 
point X £ X) can be presented as 

q'^r)^Ady+p,r)AdX\ (15.3) 

were we have used the standard isomorphism J^{E — > [/) ~ E^T*{U) of bundles 
over U induced by a connection in the bundle E U. In this case we are using 
a connection induced in the central column of the bundle (15.2) by the connection 
r*^ in the bundle of n+(n+l)-forms over X . 



Organize the spaces introduced above into the following bundle picture, where 
on the right are the local coordinates in the fibers of the bundles 
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(A X ^ > r* X (A';9'^,p) 

A y* (A^) 



(15.4) 



i X 

A choice of a section h of bundle ttasi determines the dual entropy density h°{X), 
its flow h'^{X) and the entropy production S(A) as the function of dual variables Ai. 

A choice of a section c = {q^{X),pi{\)) of the 1-jet bundle ttj = ttasi ° t^i 
determines, in addition to the previous quantities, the quantities and pi as 
functions of dual variables A*. 

If we identify 

Ft = qt{X),f^^=P^{X), (15.5) 

we see that a choice of a section c of the jet bundle ttj is equivalent to the choice 
of all the constitutive relations of the theory simultaneously. 

Recall that a section c of the bundle tt^ is called holonomic if it is a 1-jet of a 
section h of the bundle TTyxn^- 

c{X)=j\h){X). 

Now we notice that if the ri"-component c" of the section c is holonomic, 
fields Fj^ {X) , h"^ {X) satisfy to the relations 

dyh'^^FtdX^^Ft = ^ (15.6) 

and vice versa. 

To see this we recall (see, for instance [2T1[TH]) that the 1-jet space J^{A x ft") 
is endowed with the canonical contact structure defined by the forms 

r =dg^-gfdA\ 

Necessary and sufficient conditions for a section c = (/i''(A), (A)) to be holo- 
nomic is the fulfillment of relations 

c*(6'^) =dM'-gfdA' = 

for all /i = 0, 1, . . . , n which is the other form of relations (15.6) with the identifi- 
cation (15.5) above. 

Assume now that the dual space A of variables A' is the vector space and consider 
now the Liouville vector field ( in the (vector) space A 
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We require additionally that the section c satisfies to the (residual en- 
tropy) condition 

i^(ni(A)r/ A dX') = n^A* = 5](A) ^ (15.7) 

In such a way we ensure the fulfilment of condition (2.9) including the positivity of 
entropy production S (see 2.10). 

As a result we have proved the following 

Proposition 28. The following statements are equivalent 

(1) Constitutive relations defined by the section c of the bundle 1^2 satisfy to the 

entropy principle. 

(2) ^"--component of section c is holonomic and Q^n+l)- component UidX^Arj 
of section c satisfies to the positivity condition 

ic[Ili{X)dX' Ar]]= UiX'r] = S(A)r? ^ 0. (15.8) 

In the last inequality we use the nonnegativity defined by the mass form 
dM = pt]. 

Example 21. Let a function ^'(A) be given such that the radial monotonicity 
condition 

C-*^0 (15.9) 

is fulfilled. This condition is equivalent to the geometrical requirement that the 
sublcvcl domains oo,c) of the function ^ are "star-shaped" domains with 

respect to the origin. 

Consider a production vector Ilj of the form 

Hi = — ^ n^dA* A 77 = A n 
oA* 

with the function 5'(A). Then the positivity condition A' Ilj ^ is fulfilled due to 

the condition (15.9). 

Now we would like to present the balance system in terms of dual fields A* (cc) in- 
stead of the original fields y^{x) in the way similar to the Euler-Lagrange Equations 
in the multisymplectic Poincare-Cartan formalism (see above): 

dMU' *{X)Fn{X{x))] = ij' *iX)Il,)){X{x)). (15.10) 

To do this we start with a section 

c = j\h) - n = (A^ h''{X)r,^ + E(A)r7; ^dX' A 77^ - ni{X)dX' A r,) (15.11) 

of the 1-jet bundle ttJ satisfying to the conditions of the Proposition 28 above. 

Taking the differential d of the vertical part of section c - the (n-|-l)-|-(n-|-2) form 
c,; = ^dX' Arj^- nj(A)dA' A ?? we get 



d{-^)AdyAr]^+Ili{X)dyAr] = -d,, dyAr]—^XG,..dyAr]+Ui{X)dX'Ar]. 



Now we take the interior derivative of this form in the direction of an arbitrary 
vertical vector field ^ € T{A) (corresponding, in Poincare-Cartan formalism, to the 
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vertical variation of a section (h, S) in the direction of ^) and get 

i^Cy = -d^^ I 1 r A 7? - -gjjXcxfC A ?? + Vii{X)C A r? 

Taking now the pullback of this n+(n+l) form with respect to a section A = X{x) 
of the bundle iryx : Y* = X x A —^ X we get 

= Cix, X{x))[-{D^ ( ] ^(^)) - + n,(x, X{x))]rj. (15.12) 

Equating this expression to zero and requiring that the last equation would be 
fulfilled for a section X{x) for arbitrary (vertical) vector field ^ in the space 
A we see that the condition X*{i^Cv) = is equivalent to the fulfillment of the 
balance system of equations (15.10) 

d,. (^^iX{x))^ = U,{X{x)) 

which is, with the identification Fj^ = equivalent to the dual system of balance 
equations (15.10). Thus we have proved the following statement 

Theorem 13. Let 

S = j\h) - n = (A'-; h'\X)r,,, + S(A)ry; —dX' A 77^ - n,{X)dX' A ry) 

he a (constitutive) section of the 1-jet bundle ttJ satisfying to the conditions of the 
Proposition 28 above. Then the following statements about a section X{x) of the 
bundle nyx '■ Y* = X x A ^ X are equivalent: 

(1) For any vertical vector field ^ in the space A 

A*(i^c,) = 

(2) With the identification Ff^iX) = the system of dual fields X = X{t, x") 
satisfy to the balance system (15.10), to the entropy principle and to the 
second law of thermodynamics. 



16. Conclusion. 

Basic structures of a multisymplcctic theory of systems of balance laws (balance 
systems) was developed in this paper. Constitutive relations of balance systems 
appears in this scheme as a generalized Legendre transformations C between the 
(partial) 1-jet bundles of the configurational bundle it -.Y ^ X and the dual bundle 
of the semi-basic exterior (n-|-l)-|-(n-|-2)-forms on Y . Action of geometrical (gauge) 
transformations on the constitutive laws C and on the corresponding Poincare- 
Cartan forms is studied. Noether Theorem is proved for the symmetry groups of 
a constitutive law C and the energy-momentum balance law for a i^-homogenous 
balance laws is considered. Entropy principle if formulated for a general balance 
systems is formulated and restrictions it put on the constitutive laws are studied. 
These considerations are applied to the Rational Extended Thermodynamics (RET) 
to construct the dual geometrical picture of RET, present the balance system of 
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RET in an invariant form and to interpret the entropy principle as the holonomicy 
of the current component of the constitutive relations. 

In the second part of this work we will study the partial jet bundles of higher 
order compatible with the covariance groups of a balance system (see p8l [54l IST] ) 
and extend the scheme presented here to this situation. Action of the groups of 
point transformations and the gauge groups on the phase and dual jet-bundles of 
a field theory in producing, rearranging and ordering the systems of balance laws 
{^^ balance systems^^) of mixed tensorial structure and of different differential order 
will be studied in the framework of the present scheme. More detailed study of 
the structure of secondary balance laws of a balance system is the other direction 
of the future work. Applications to the continuum mechanics (uniform materials, 
nonlinear visco-elasticity and the electrodynamics of continua) will be considered. 

Another direction of future work would be to extend the constructed scheme 
to the case of the base manifolds with the boundary {X,dX). Even in the case 
of a homogeneous Thermodynamics the mathematical (geometrical) description of 
interaction of a thermodynamical system with the environment presents a challenge 
(see, for instance, the works [36 1 138 1 139]). 

In the conclusion I would like to express my deep gratitude to Ernst Binz whose 
interest and discussions during my short visit to Mannheim in September 2006 were 
extremely helpful to me and to Professor W. Muschik for the discussions stimulating 
my interest to the problems of field thermodynamics and the entropy principle. 



17. Appendix I. Properties of forms 77^. 

Here we collect some properties of the forms 77^1 that are repeatedly used in the 
text. 

We have 



ry^ = ig^^ry = {-lY^/\G\dx° A ... A x^^^ A dx^'+^ . . . A dx" (17.1) 

and dx^ Aij^ = rj. 

The differential di]^ has the form 



dr]^ = {-l)''y^\^^dx^' Adx° A.-.Ax^"-^ Adx^'+K-.Adx'' = (cf^fAc)??, (17.2) 



where Ag = ln{^y\G\). 

Introduce the (n-l)-forms 

Then we have 



id^.Vt. = {-iy'+'' \/\G\dx° A x"'^ A dx''+^ A ... A A ... A dx", if < ^; 

id^.V,. = {-iy'+''-'^ y/\G\dx° A x"-^ A dx''+^ A ... A x^'-^ A dx'^+i ... A dx'\ if > /z. 

(17.3) 

and, in particular, for all /i, 

Vt^iy = -Vi^tJ.- (17.4) 

We also have 
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j]^ if (T = /i, 



(17.5) 



I 0, otherwise, 

for all /I, ly. To see this we first check it explicitly for v < fi and then, for j/ > ^ we 
use dx'' A rifj_,y — --dx" A 7/^^ and use the proved result. 

For the differentials of these forms we calculate for the case fi < v 



dri^^ = d[{-l)^'+'' ^/\G\dx° A x"-^ A dx''+^ A ... A x^'-^ A dx^'+^ ... A da;"] = 
{-l)^'+''^/\G\[^^.XG)dx''+^^^XG)dx'']^dx°^x''-^^dx''+^^. . .Ax^'^^Adx^+i . . .Ada;" = 
= (-l)^9^.AG)VlG|dx"A. . .Ax''-^Adx''+^ . . .Adx''+(-iy+'^da:^XG)\/\G\dx" A- ■ .Ax'^^^Adx'^+i . . .Adx" = 



and then notice that using (20.5) we get the same result for the case v > ji. 



18. Appendix II. Formalism of Rational Extended Thermodynamics 



Here we describe, in a short form the basic structure of the Rational Extended 
Thermodynamics developed by I.MuUer and T.Ruggeri, [3T1[35]. For the complete 
presentation of the formalism of Rational Extended Thermodynamics we refer to 
the monograph [32] . Chapter 3. Here we introduce only necessary material in the 
form suited for our purposes. To be more consistent to the standard notations in 
the book [32] we will use in this section the notations for the basic fields instead 
of t/\ Constructions of this section are mostly specializations of those of Section 2. 

18.1. Space-time base. A state of material body will be described by the collec- 
tion of the time-dependent fields i — 1, . . . , m} defined in a domain B C E'^ oi 
the physical euclidian) space {E, h) with the boundary dB. We assume that the 
Pseudo-Riemannian metric G is defined in X. An example of such a metric is the 
Euclidian metric g — dt^ + h oi Lorentz metric. We introduce (global) coordinates 
x'^jH = 1,2,3 in B and the time t — x''^. Altogether fields are defined in the 
n-dim physical space-time A = Rt x S. 

Denote by rj the volume n-form rj = ^/\G\dt Adx^ A dx^ A da;" corresponding to 
the metric G. 

18.2. State (configurational) bundle. Basic fields of a continuum thermody- 
namical theory (except of the entropy that will be included later) take values in 
the space U C M™ which we will call the basic state space of the system. 

Following the framework of a classical field theory (see pj |TI] ) we organize these 
fields in the bundle 



TTj/ : y ^ A, A Mt X B, Y = X xU 
with the base A being the cylinder R x i? in the Newtonian space-time and the 



To formulate balance equations in terms of exterior forms we will use the spaces 
of (3+4)- exterior forms in A = R'' introduced in Section 1. This space has as its 



((^x-Ag)??^ - (9j;mAg)?7i')- (17.6) 



(RET). 



fiber U. 
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basis elements 77^, /i = 0, 1, 2, 3; rj and is the space of smooth) sections of the bundle 
of exterior forms of orders 3 and 4 A^+'^{X) = A^{X) A-^{X) over X. 

Taking the puUback of the bundle A^^'^{X) ^ X to Y (or, what is the same, 
construct the fiber product of ttyx and ttax we get the following commutative 
diagram 



U X A3+4 > Y X > A3+4(X) 



(18.1) 



U > Y X 

Left column of this diagram represents a typical fiber of bundle ttqy over a point 
X £ X. Notice also that the sections of the bundle ttyx ° ttoy : Y x $1"^+^ X are 

X 

the "semibasic" (3+4) exterior forms on the space Y of the bundle nyx, see [23], 
Sec.4.2. 

18.3. Balance Equations. Fields are to be determined as solutions of the field 
equations having the form of balance equations for the currents F/", where i^" = 

+ =n„ z = l,...,n. (18.2) 

Here Ili{u,x) is called the production of the component and -^iTC"' ai^ 

- the flow of the component u*. These quantities are assumed to be function of 
the fields and, possibly, of the point x^ e X. Usually in RET one restricts the 
attention to the case where there F.f" , Hi do not depend explicitly on the space-time 
point x^^ . 

Remark 36. In the rational Extended Thermodynamics one consider a case where 
balance equations are written for all the basic fields in the state space and only for 
them and where fiows Fj^ and productions Hi depend on the fields but not on 
their gradients or time derivatives. 

To close system of equations (18.2) for one has to choose the flows and pro- 
duction forms as functions of - to choose the constitutive equations of the 
body. Such a choice should be done for each balance equation. As we will see 
below, utilizing of the entropy condition allows to reduce this process to the choice 
of entropy flow 3-form and to the choice of production 4-forms subject to the 
positivity condition. 

18.4. Entropy condition. Entropy h^{u) is assumed to be a function of the basic 
state variables u^. It satisfies to the balance law 

dih^^Tj^) =. S, (18.3) 

with the positive production 4-form 

S = cr(u)r;, cr ^ 0, (18.4) 
and the flow 3-form H{u) = J2t=i ^'^''Iv- 

Remark 37. To clarify the geometrical meaning of positivity of an exterior 4- 
form recall that for each material there is defined the mass form dAI = prj. 
Using this form we define a given 4-form frj to be nonnegative (positive) if 
//P^O (> 0). 
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Entropy principle requires that any solution of the balance equations (18.2) 
would also satisfy to the equation (18.3) and that the production a of entropy (in 
the system) should be non-negative. 

In addition to this a requirement of convexity 

— -T— ~ negative definite (18.5) 
ouou 

has to be fulfilled. 

Remark 38. * The last condition shows that the symmetrical bilinear form 

(18.6, 

can be considered as a degenerate Riemannian metric in the state space U. 
This is the Ruppeiner thermodynamical metric f[31|). It would be interesting to 
interpret the curvature of this metric in the context of RET. 

Requirement of the fulfillment of the entropy balance equation (18.3) for all 
solutions of balance equations (18.2) for the fields leads to strong limitations 
on the form of constitutive equations. Namely, this condition is equivalent to the 
following two statements: There exists a functions A*(w) (Lagrange multipliers) on 
the space U such that for all values of variables 

^ = Xj-^^dh^^ A, • dFf, (18.7) 

and 

S = A^n,; ^ 0. (18.8) 
First of the equation (18.7) defines the Lagrange-Liu multipliers 

Ir-AV (18,9, 

Differentiating by we get 

He.ss(h'>) ^ = ^ 

from which it follows that if the entropy density h'^ is a strongly convex function 
of its arguments m*, then the change of variables m ^ A is globally invertible. 
Thus, we get the diffeomorphic mapping 

p:C/-^A (18.10) 
from the state space U onto the space A C i?" of values of variables A = {A*}. 

18.5. Dual formulation. As a result one may present all the quantities as the 
functions of dual variables A^: 

i^^ =i^^(A),fl, =n,(A);/i'^ = /i'^(A). (18.11) 

Combining balance equations (18.2) with this change of variables we rewrite these 
equations in the form 
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where the four-vector potential (or 3-form) 

h" ^ X' ■ Ft -h^iX) (18.13) 

was introduced. In terms of h the relation (18.7) takes the form 

dh''{X)^FtdX\ (18.14) 

summation is assumed by repeating indices. 
In terms of 3-forms 

h^X'- Ftv^. - h^i^K = - h- (18-15) 
From the relation (18.14) it follows that 

Ft ^^^h^'{X)^-h^' + X' (18.16) 

As a result, 4n+4 constitutive functions Ft and h^{X) can, in terms of A variables 
be derived from the 4 functions /i^ - coefficients of 3-form h. 

Remark 39. As long as we are not dealing with variables A* as fields in space 
and time (functions of x'^) the presentation of /i as a four- vector potential or as 
a 3-form in the 4D space-time is pure formal. We use this representation as the 
starting point for construction of double bundles of the geometrical form of RET 
(see Section 15). 

After presenting currents Ft in the form (18.16) what is left of the requirements 
of entropy principle (provided the condition of convexity of h'^ is fulfilled) is the 
residual inequality 

S(A) = X'Ui ^ 0. (18.17) 
Two statements containing here determine the entropy production E in terms of 
the production 4- forms Ilj and require positivity of S. 

Reversing the arguments leading to the statements (18.15) and (18.16) one proves 
the following basic result of RET leading to the dual formulation of balance equa- 
tions (18.2) and the entropy principle (18.3) 

Theorem 14. |32] The following statements are equivalent under the condition of 
the convexity of entropy density h^{u^) as the function of fields : 

(1) Entropy principle is fulfilled for the balance equations (3.2) and the entropy 
balance equation (3.3) for given constitutive functions F(u),Il{u),h(u),'E{u). 

(2) Constitutive fields F{u), h(u),Yi{u) are obtained by the relations (18. 12), (18. 15), 
(18.16) from the four-potential h{X) (formal 3-form) and the production 4- 
forms Hi (A) for which the residual inequality 

A,;n, ^ 

is fulfilled. 

19. Appendix III. Iglesias Differential. 
Differential d is a special case of operators introduced by D. Iglesias and used in 

m- 

[dia'' + = ii-da + (3) + d(3). 

(19.1) 
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Lemma 9. do d — 0. 

Proof. We have 

ddia'' + (3''+^) = d{{-da + f3) + dP) ^ [-d{-da + P) + df3]+didP) = -dP + df3 + 0. 

□ 

The complex 

-> n^{x)®n°ix) ...^ n''{x)®n'''\x) ^ ... n''{x)®n'''~\x) o®r2"(x) 

(19.2) 

is generated by de Rham complex of a manifold X and corresponds to the couples 
of forms + This complex can be considered as dual to the complex of 

chains generated by couples (C'^+^, dC^) of submanifolds C^^^ C X" of dimension 
k with the boundary dC'^: Duality is defined by integration 



a. 

c Jac 
We have, obviously, 

for all (C, dC) iff J(a'= + /3'=+i) = 0. 

20. Appendix IV. Reduced horizontal differential. 

here we recall the properties of horizontal differential du and introduce an aug- 
mented horizontal differential d that is used in Sec. 10. 

Recall [31] [13] that the r-jct bundles J'''{tt) of a bundle tt : Y ^ X form the 
inverse system 

X<:^Y^j\7T)S^:^r{7:)^ (20.1) 

whose inverse limit J°°(7r) is the infinite order jet bundle of the bundle tt. 

Adapted local coordinates (x^, y*) in F determine the local coordinates (a;'', y^,y\), 
where multi-index A = (Afc, Afc_i, . . . , Ai) is a collection of natural numbers mod- 
ulo permutations. We denote by Oa = o d\^_^ o ...d\^ the composition of 
derivations. 

Corresponding to the inverse system (20.1) we have the inverse system of pro- 
jectable vector fields X^ on the r-jet bundles ttJ : J^{tt) X. 
Dually, there is the direct system 

A*iX) ^ A*(y) ^ A*(ji(7r)) A*{r(Tr))) . . . (20.2) 

induced by the puUback of the forms from the lower order jet bundles to the higher 
order jet bundles. Limit of this direct system is the exterior Z-graded algebra called 
the bundle D^^ = A*(J°°(7r)) of exterior forms on J°°(7r). 

Bundle of algebras is locally generated by the basic forms dx'' and the 
contact forms 

0\ = dy\ = y\+^dx\ ^ |A|. 
As a result, the vector subspace Df^ — A''(J°°(7r)) of exterior s-forms has the 
canonical decomposition 
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elements oiD'^^ ^ are called k-contact forms. Denote by hk : 2)^ 2)^^ k ^ s 
the fc-contact projection. Especially important is the horizontal projection ho : 
®L ^ given by 



Accordingly, the exterior differential on is decomposed into the sum 

d = dh + dv 

of horizontal differential dH and vertical differential dy so that when 



d ■ /D* 



k,s — k ^ jjk+l.s — k j~^k.s — k+l 

j~ik,s~k T^k^s — k+1 



k.s — k 



d ■ D'^ 

We have homology properties 

4 = 4 



OO 



(20.3) 
(20.4) 

(20.5) 







dydn + dndy 
and the relation 

ho o d ~ dn o /iQ- 

Introduce the total derivative dfj, - lift of partial derivation to the by the rules 
to the vector field in J°° (tt) in the sense of [211 HT] : 



It acts on the exterior forms by the rules 

{df^{u /\ a) — dfj^u A fj + A d^u, 
df^da = ddf_,cr, cr, i/ G D*^. 

Then the horizontal differential is locally given by expression 

dni^ = dx^ A d^j,{uj),ujinD*^. 
From these properties the following relations follows 

[dnf = dy.fdx\f e^l,, 
dxidxf") = 0, dnidx^") = 0, 
dx{dz\) = dz\^^), dH{dz\) = dx^ A dz\^^, 



(20.6) 
(20.7) 

(20.8) 



) = dx^ A I 



A+A- 



Directly from the definition of total derivative the following properties follows 

Lemma 10. Acting on the functions from C°°{J°°{tt)), 

(1) [d^,d^.]=0, 

(2) K,9,.] = 0. 

Working with the partial 1-jet bundles Jp(7r) (see Sec. 4-7) we have to use 
the reduced version of the total derivative. We keep the same notation for this 
derivative silently assuming that when working on a special kind of partial 1-jet 
bundle we use the appropriate version of d^. Thus, on Jp(7r) with the model vector 
bundle having as its fiber over y &Y the factor-space of T*{X) (g) V{tt): for instance 
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for Jjf (tt) the fiber has the form T^{X) (g) F(7r) of the cotangent bundle T*(X), 
fiber coincide with T*{X) (g) V{tt) in the case of the full 1-jet bundle and reduces 
to zero in the RET case. In local coordinates {x^,y^) denote by P the set of pairs 
of indices such that coordinate is defined in Jp(7r), or, what is the same, 
such that dx^^ (g) dyi generate the nonzero element of the fiber of vector model for 
Zp. Thus, we define, 

d,f = d^,f+ J2 <^^f+ E (20-9) 

(ti.i)eP (jj..i)eP 

It is easy to see that total derivative defined in this way preserves the properties 
(20.6) and the properties listed in Lemma 10. 

In addition to the horizontal differential dn we will be using an "reduced hori- 
zontal differential" d. We define operator d by the properties 

df = d,Jdx^', 

d{dx'') = d{dy') = d{dz\) = 0, (20.10) 
d{uji A 0^2 = iduJi) A 0^2 + A {duj2)- 

In other words we define d first on the semi-basic subalgebra of algebra and 
then extend the differential d to the whole algebra by requiring that 

ddtf = 0, ddz^^^ = 0. 

Lemma 11. Operator d : A'^(J°°(7r)) A*^+^(J°°(7r)) preserves the subcomplex 
Ay{J°°{'Jt)) of TTQ-semibasic forms (with the generators dy^, dx^) and maps the sub- 
spaces of the forms annulated by r n-vertical arguments into itself 

d : A^(J~(7r)) ^ A^+i(J~(7r)). 

Since d\dfj, = df^dx if applied to the functions, it is easy to check that dod = 0, 
so d is the differential operator: o!^ = 0. 

Remark 40. Notice that operator d does not commute with the usual differential 

d, for instance ddy^ = but ddy^ = d{z^^dx^^) ^ 0. 

Lemma 12. Let CA{J°° (tt)) be the ideal in h.{J°° {-k)) of the contact forms (forms 
annulating the Cartan distribution), then for any form v e A(J°°(7r)) we have 

{d-d)v e CA(J°°(7r)). 

Proof. Both operators d and d are derivations of the exterior algebra, therefore it is 
sufficient to prove the statement for generators of this algebra f{x, u, z), dx^, dy^, dz^, jl = 
Hi, . . . , IJ.k- For differentials the result is obvious - both operators annulate them. 
For the functions we have 

df = l,Jx^ + f^yJf + J2 f,4dzi = U-dx^ + U^dx^ + E 144'^dx-'. 

ft p. 

Subtracting from this expression the similar (but simpler) expression for df we get 

{d-d)f = f^z^.dx^ - df) + E/.^^c^^^^'' - ^4) = -f,v^^' + E/.^^'^j^' 

that finishes the proof. □ 
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Proposition 29. Let be an automorphism of the bundle tt and - its contact 
(=flow) prolongation to the J°°{-k). Then 

d4>°° *uj = *duj mod CA* 

for all TTQ-semibasic forms uj on J°°{tt). Here CA*{J°°{tt)) is the ideal in generated 
by the Cartan forms (forms annulating the Cartan distribution. 

Proof. Mapping of tangent spaces leaves the Cartan distribution invariant, 
therefore the pullback * of the forms leaves the Contact ideal CA*(J°°(7r)) 
invariant. Therefore, for all forms v by the previous Lemma 

*{d-d)uGCA*{J°°{TT)). 

On the other hand by the same Lemma {d — d)(j)°° *v e CA*{J°°(n)) as well. This 
last inclusion can be written 

*v - *dv e CA*(J°°(7r)) 

since the pullback commutes with the de Rham differential. Subtracting obtained 

inclusions we get the result stated in the Proposition. 

Both (/>°° * and d are linear and respect the wedge product in the corresponding 
sense. Therefore, one can check the statement for the generators /, dx'^,du^ only. 

For dx^^ total differential reduces to the usual dc Rham differential on X and 
(/>°° acts by the projection (j) : X ^ X. Thus, the statement reduces for the usual 
property of d. 

For dj/* we have 

*dy' = dd<j)' = d[<i)i^.dx'' + (l)\yidy^] = d^(j)i^.dx'' A dx"" + d^cjjiyjdx" A du^ = 
= {d,.d,.^' + zi^dy,d^.(t>ldx^' A dx'' + + A dy' = 

= d^.d^.(P'dx'' A dx" + {z^dx^ - dy')4^y,^. A dx" + z'^^^dx^ A ^^.^.dy^ = 
= d^>.d^,^(t)'dx^'Adx''-io^A(t)i:!^.dx''-{dy''-z^^dx>')A(l>ijy^dy^+A(t)iiy^^^ = 

here we canceled two terms with second derivatives of 0* due to the antisymmetry 
of wedge products of basic forms. Since 4>°° *ddy^ = 0, statement is proved for 
dy\ □ 
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